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Abstract

Nguyen [1996. An algorithmic approach to constructing supersaturated designs. Technometrics 38, 69-73] and Tang and Wu
[1997. E(sz)-optimality of supersaturated designs. Statist. Sinica 7, 929-939] independently derived a lower bound for the E(s2)
value of an N run, m factor supersaturated design (SSD). This bound can be achieved only if m is a multiple of N — 1 when
N = 0(mod4) or if m is an even multiple of N — 1 when N = 2 (mod 4). One important question is whether Nguyen—-Tang—Wu
bound can be achieved in all of these cases. In this paper, based on a construction method by Bulutoglu and Cheng (2004), we
present a theoretical method for finding as many positive integers ¢ as possible such that there is an E(sz)—optimal SSD achieving
the Nguyen—Tang—Wu bound with N runs and # (N — 1) factors when N = 0 (mod 4) and 2¢(N — 1) factors when N = 2 (mod 4).
This method is applied to the N = 12, 14, 18, 20, 24, 26, 28, 30, 32, 38, 42, 44, 48, 50, 54 cases.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

A supersaturated design (SSD) is a factorial design that does not have enough runs to estimate all main effects.
Booth and Cox (1962) proposed the E(s?) criterion as a way to order such designs. Due to their applications in factor
screening experiments, there is a renewed interest in constructing SSDs. Applications and theories in which the E(s?)
criterion is used to discriminate between two-level SSDs are abundant in the recent literature; see Lin (1993, 1995),
Wu (1993), Nguyen (1996), Tang and Wu (1997), Cheng (1997), Li and Wu (1997), Butler et al. (2001), Eskridge et
al. (2004), Liu and Dean (2004), Bulutoglu and Cheng (2004), Ryan and Bulutoglu (2006) and Nguyen and Cheng
(2006).

A two-level SSD with N runs and m factors is represented by an N x m matrix X, where every entry is =1 and every
column has an equal number of +1s and —1s. It is also assumed that no two columns of X are completely aliased (i.e.,
for all pairs of columns x and y of X, x # y and x # —y) implying that

N —1
N—l<m<<N ) @)
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2
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The E(s2) value of an SSD is
2
Dic jSij
(%)
where s;; is the dot product between the ith and jth columns of X. The E(s?) criterion is used to discriminate among N run,

m factor SSDs by selecting designs with smaller E(s?) values. Nguyen (1996) and Tang and Wu (1997) independently
proved that

E(sz) =

m—N+1 5
(m—DN —=1)

for any N run, m factor SSD. Bound (2) can be achieved only it m =¢(N — 1) and N = 0 (mod 4) orif m=2¢(N — 1) and
N = 2 (mod 4) for some positive integer #. Even though it is easy to construct # (N — 1) factor, N run designs achieving
Nguyen-Tang—Wu bound when N = 0 (mod 4) by concatenating saturated designs obtained from Hadamard matrices
(see Ryan and Bulutoglu, 2006; Tang and Wu, 1997) there is no guarantee that such designs have no aliased columns
and qualify as SSDs. Similarly it is easy to construct ¢ (N — 1) factor, N run designs achieving Nguyen—-Tang—Wu bound
when N = 2 (mod 4) by concatenating SSDs with N runs and 2(N — 1) factors, but such designs may have aliased
columns disqualifying them from being SSDs. An interesting and difficult question is whether Nguyen—-Tang—Wu bound
can be achieved by SSDs for every multiple of N — 1 when N = 0 (mod 4) and for every even multiple of N — 1 when
N = 2 (mod 4) assuming (1) holds.

Bulutoglu and Cheng (2004) (Theorems 2.1-2.3) provided a method based on balanced incomplete block designs
(BIBDs) for constructing SSDs achieving the Nguyen—-Tang—Wu bound. However, they never investigated for which
multiples t(N — 1) of N — 1 their method yielded an SSD with N runs and (N — 1) factors. Hence, for given N for
which the construction of Bulutoglu and Cheng (2004) applies, it is not possible to know the set of positive integers ¢
such that the construction of Bulutoglu and Cheng (2004) yields an N run (N — 1) factor SSD without implementing
the construction and counting the number of columns in the resulting designs. The goal of this paper is first to extend the
construction method of Bulutoglu and Cheng (2004) by constructing N run, (N —2)(N — 1) factoror (N —2)(N —1)/2
factor, E(s2)-optimal SSD and second to provide an efficient theoretical method for finding as many positive integers
t as possible such that there is an E(s?)-optimal, N run, r(N — 1) factor SSD obtained by using the construction of
Bulutoglu and Cheng (2004). The novelty of this theoretical method is that the construction of Bulutoglu and Cheng
(2004) does not need to be implemented and that the method can be implemented with little computational power. On
the other hand, computing all # (N — 1) factor SSDs obtained by using the construction of Bulutoglu and Cheng (2004)
to determine the values ¢ for which their construction yields a t (N — 1) factor SSD is computationally expensive.

Booth and Cox (1962) also proposed the minimax criterion for selecting a two-level SSD. This criterion was studied
by Tang and Wu (1997) when m = ¢t (N — 1) for some positive integer . The minimax criterion ranks designs by

E(s?) > 2)

Smax = max |s;;]
1<j
and then by

f:Ymax = Z [Smax (|Sij |)’

i<j

where the indicator function /,(b) =1 if a = b and is 0 otherwise. The minimax criterion can most often distinguish
between designs with the same E(s?) value.

In Section 2, Theorem 2.2 of Bulutoglu and Cheng (2004) is generalized. It is also proven that when N — 1 is a prime
power the construction of Bulutoglu and Cheng (2004) yields an E(s?)-optimal SSD with N runs and (N — 1)(N — 2)
factors. Furthermore, a theorem which provides insight about the design characteristic f_, of SSDs constructed by the
method of Bulutoglu and Cheng (2004) is stated and proven. Finally, E(s?)-optimal SSDs constructed by the method of
Bulutoglu and Cheng (2004) are compared using the minimax criterion with those constructed by the NOA algorithm
in Ryan and Bulutoglu (2006).

Ryan and Bulutoglu (2006) designed the SRS4 algorithm based on concatenating saturated designs obtained from
Hadamard matrices when N = 0 (mod 4) or E(sz)—optimal SSDs with Nruns and 2(N —1) factors when N = 2 (mod 4).
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The minimax properties of the best E(s?)-optimal SSDs produced by this algorithm are inferior to those constructed
by the method of Bulutoglu and Cheng (2004). Hence this makes it even more important to determine for which
multiples 7 the method of Bulutoglu and Cheng (2004) yields an E(sz)-optimal Nrun, t (N — 1) factor SSD. In Section
3 new theorems are proven to determine the values of ¢ for which the method of Bulutoglu and Cheng (2004) yields
an E(sz)-optimal, N run, t (N — 1) factor SSD. Based on these new theorems, a method for finding all possible such
t is given. A heuristic based on this method for finding as many positive such ¢ as possible is described and applied
to the N = 12, 14, 18, 20, 24, 26, 28, 30, 32, 38, 42, 44, 48, 50, 54 cases. For easy reference, below is a list of some
definitions and conventions used throughout this paper.

e 71 is the set of positive integers.
e 7 is the set of integers.
e Let A={ay, az,...,a,} beasetof integers and let y € Z. Define

yA={yay, yay,...,ya,}.

e GF(s) denotes a finite field with s elements. The multiplicative group consisting of the non-zero elements of GF(s)
is cyclic, and a generator of this group is called a primitive element of the field.

o Z,=1{0,1,...,q — 1} is the commutative ring of order ¢ with addition and multiplication modulo g.
e Products and sums in Z,; are reduced modulo ¢ when needed.
e ForeachT ={ay, az,...,a;} C Zs;and b € Z,

T+b={a1+b,ay+b,...,a; +b}(modgqg).
2. SSDs based on BIBDs

Cheng (1997) showed that for ¢ € Z1 constructing an N run, m = (N — 1) factor optimal SSD is equivalent to
constructing a BIBD(N — 1,#(N — 1), N/2 — 1), a BIBD with N — 1 treatments and g(N — 1) distinct blocks each
having size N/2 — 1. Using this result when N — 1 is an odd prime power, Bulutoglu and Cheng (2004) constructed
optimal SSDs with N runs and e(N — 1) factors, where e is defined in Theorem 2.2 Bulutoglu and Cheng (2004). It
is not hard to show that the SSDs constructed by Bulutoglu and Cheng (2004) belong to the class of k-circulant SSDs
defined by Liu and Dean (2004). For quick reference, Theorems 2.2 and 2.3 in Bulutoglu and Cheng (2004) are stated
respectively.

Theorem 1 (Bulutoglu and Cheng, 2004). Suppose N — 1 is an odd prime power, q is an even divisor of N — 2 with
q # N —2,xisaprimitive element of GF(N — 1), and T is a subset of Z; of size q /2. Let e be the smallest positive integer
suchthatT +e=T.Thenthee(N — 1) sets {S,,:r=0,...,e—1,a € GF(N — 1)}, where S, , = {xJ9t 4q 0<j<
(N—=2)/q—1, i €T ++r},are distinct and constitute a BIBD(N — 1, e(N — 1), N/2 — 1). Furthermore, if (N —2)/q
is odd and U is a subset of size ¢/2 of {0, ..., e — 1} such that U* = U + (q/2), where U* is the complement of U in
{0, ..., e — 1} and the addition is reduced modulo q, then thee(N — 1)/2 sets {Syq:r € U, a € GF(N — 1)} constitute
a BIBD with distinct blocks.

Theorem 2 (Bulutoglu and Cheng, 2004). Let q be an even divisor of N — 2 such that g # N — 2. Let T and T' be
subsets of size q /2 of Z4 such that T' # T +a for all elements a of Z,. If d\ and d» are BIBDs constructed by applying
Theorem 2.2 of Bulutoglu and Cheng (2004) to T and T', respectively, then dy and dy have no blocks in common;
therefore their union is also a BIBD with distinct blocks.

The following lemma is used to generalize Theorem 1.

Lemma 1. Let N — 1 be an odd prime power, q be an even divisor of N — 2, U be a size e/2 subset of {0, 1, ..., e —1}
and U* be the complement of Uin {0, 1, ...,e — 1}. Also, letu; € {i,i +¢q/2} fori =0,1,...,q/2 — 1.

1. If T C Z4 has size q/2 and e is the smallest positive integer such that T + e =T, then e is an even divisor of q.
2. If e is any even divisor of q, then there exists a size q/2 set T C Z, such that e is the smallest positive integer
satisfying T +e=T.
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3. IfU*=U + (q/2), then e = q and U has the form

q/2—1

U= tw).
i=0

4. If e = q and U has the form

q/2—1

U= tw,
i=0
then U* = U + (q/2). A particular such Uis U ={0,1,...,q/2 — 1}.

Proof.

1. Clearly, e is a divisor of g. Also, since T 4+ ¢ = T, the set T has the form

o gq/e—1

T=J | txi+je}

i=1 j=0
for some o € Z and x; € Z,. Since T C Z,, is of order q/2,

9_%"
2 e’
Hence, e is divisible by 2.
2. Assume that e is an even divisor of ¢ and consider the set

q/e—1¢€/2

7= Ut +Je.

j=0 i=1

Clearly, T C Z, has size g /2, and it is easy to see that e is the smallest integer such that 7 +e=T.

3. If g # e, then g /e >2, since e is a divisor of g. Hence, 2e —2 < g implyinge — 1 4+¢g/2 <gande/2+¢g/2>e— 1.
Therefore, forany y € {e/2,e/2+1,...,e —1},e — 1 <y 4+ q/2 < q. Thus, there does not exist y € U such that
vefe/2,e/2+1,...,e—1}.SoU={0,1, ..., e/2— 1}, butthis cannot happen becausee — 1 <e/2—1+4¢q/2 <gq.
To prove the second part of the statement, observe that since U* = U + (¢ /2), there are no two elements x, y € U
with x — y = ¢/2 (mod q), so U must have the form

q/2—1

U= .
i=0

4. This part is easy to see.
Lemma 1 and Theorem 1 imply the following, more general result.

Theorem 3. Let N — 1 be an odd prime power and q be an even divisor of N — 2 with q # N — 2. Then there exist
an E(s%)-optimal SSD with N runs and m = q(N — 1) factors achieving the Nguyen—Tang—Wu bound (2) constructed
by Theorem 1. Furthermore, if (N — 2)/q is odd, then there are E(s?)-optimal SSDs with N runs and m = q/2(N — 1)
factors achieving the Nguyen—Tang—Wu bound (2) constructed by Theorem 1 by taking

q/2—1

U= J tw,
i=0

where u; € {i,i + q/2}.
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Conversely for any E(s?)-optimal SSD with N runs and m = e(N — 1) factors constructed by the first part of
Theorem 1, e must be an even divisor of N —2. Furthermore, for any E(s*)-optimal SSD with N runs andm=e/2(N —1)
Jactors constructed by the second part of Theorem 1 e = q, and

q/2—1

U= {w)
i=0

for some u; € {i,i + q/2}.

The following group action is needed in the next Example and Theorem 4. Let %, denote the set of all size /2
subsets of Z,. Let Z; act on 4 by

T — T + a(modq)

fora € Z; and T € # ;. This group action partitions 7 ; into orbits. Next, we discuss an example for Theorem 3 and
demonstrate the gain in generalizing Theorem 1.

Example 1. Let N = 14. Then N — 2 = 12 has three even divisors not equal to 12: 6, 4, and 2. Hence, by Theorem 3
there exists an E(s?)-optimal SSD achieving the Nguyen-Tang—Wu bound for g € {2, 4, 6}. (For example to construct a
BIBD(13, 72, 6), letg =6, set T ={0, 1, 2} and use the six initial blocks {20, 21, 22,26 27 28} (21 22 23 27 28 29
(22,23,24,28 29 210y (23 24 23 29 210 211y (24 25 26 210 21l 212y and (25,26 27 211 212 213} Adding the
integers 0, 1, 2, ..., 12 (mod 13) to all elements in the initial blocks yields a BIBD(13, 72, 6). Let X be the treatment-
block incidence matrix in which (i, j)th entry is equal to 1 if the ith treatment appears in the jth block and is equal to
—1 otherwise. Then appending a row of 1s to X, yields an E(s?)-optimal SSD achieving the Nguyen-Tang—Wu bound
with 14 runs and 72 factors.

Note that the existence of a 14 run 72 factor SSD achieving the Nguyen-Tang—Wu bound follows directly from
Theorem 3 without requiring the computation of all orbits in .7, for some even divisor g of N — 2. On the other hand,
Bulutoglu and Cheng (2004) had to compute all orbits of % ¢ to derive the same result.

By the converse of Theorem 3, we deduce that only e(N — 2), e € {2, 4, 6} factor SSDs can be constructed using
Theorem 1. Furthermore, if for example, ¢ = g = 4 then U must be {0, 1}, {0, 3}, {2, 1} or {2, 3}.

The next theorem simplifies the problem of finding all E(s%)-optimal SSDs with N runs constructed by Theorems 1
and 2.

Theorem 4. Let N — 1 be an odd prime power, let q be an even divisor of N — 2, and let x be a primitive element of
GF(N —1).

1. Let T bein 7 ; and e be the orbit length of T. Also, let
Sra =11 +a:0<j<(N—-2)/qg—1,ieT+r},

where {Sy,:r =0,1,...,e —1,a € GF(N — 1)} is the BIBD(N — 1,e(N — 1), N/2 — 1) in Theorem 1. Then
there exists some T' € F y_p with orbit length e such that {Sy, : v =0,1,...,e —1,a € GF(N — 1)} ={S; ,
r=0,1,...,e—1,a € GF(N — 1)},whereS;’a={x"+a:i eT +r).

2. Conversely, let T' € F y_» have orbit length e, let ¢ € Z+ be such that e divides q and q divides (N — 2), and let
S;’a = {xi +a:i €T +ryforr=0,1,...,e—1anda € GF(N — 1). Then there exists some T € F 4 with orbit
lengthesuchthat{S;’a r=0,1,....,e—1,a e GF(N - 1)} ={S,4: r=0,1,...,e—1,a € GF(N — 1)}, where
Sr,az{qu—H +a:0<j< (N=2)/g—1,ieT+r}.

Proof.

I.SetT"={jg+i: 0<j< (N—=2)/g—1,i € T}.ThenT' € Fy_p,and T +r={jg+i+r: 0<j<
(N—=2/g—1i e T}={jg+i: 0<j< (N—-2)/q—1,i € T+r}forr=0,1,...,e — 1. Clearly,
T'+reZy_s,andtheorbitof Tin Fn_ois O ={T'+0, T'+1,..., T +e—1}.
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2. Since T’ has orbit length e, T’ has the form

% (N=2)/e—1
=) U tx+ie
i=1  j=0

for o = e¢/2 and some x{, X2, ..., Xy, € Zn—_3. Since e divides g and ¢ divides (N — 2), fe = ¢, and yle =N — 2
for some 8,y € Z*. Set

o p—1

T:U U{xi + je}.

i=1j=0
From this, |T| = aff = fe/2 = q/2; thus, T € # . Finally, since

(N=2)/q—1
T +r= U {kq + T +r},
k=0

the orbit length of Tise. [J

Example 1. 1. (For part 1) Setting 7’ = {0, 1,2, 6,7, 8} € Z 1, yields the six initial blocks {2°, 2!, 22,26, 27, 28},
{21’ 22’ 23’ 27’ 287 29}’ {22’ 23’ 24’ 28’ 29’ 210}’ {23’ 24-7 25’ 29 , 210’ 211}, {24’ 25’ 26’ 210’ 211’ 212}and {25’ 26’ 27’ 211’
212, 213}. Hence the BIBD(13, 72, 6) constructed from 7’ € # |5 is the same as the BIBD(13, 72, 6) constructed from
T € Fg.

2. (For part 2) Let T" = {0, 2,4, 6,8, 10} € % 1, has orbit length 2 and 2 divides 4. Let T = {0,2} € F4 then T
has orbit length 2 and the BIBD(13, 26, 6) constructed from 7’ € .7 |5 is the same as the BIBD(13, 26, 6) constructed
from T ={0, 1,2} € .

Remark 1.

(a) Note that in Theorem 1, it is assumed that ¢ is an even divisor of N — 2 withg # N —2. When ¢ = N — 2, the
construction still yields a BIBD(N — 1,e(N — 1), N/2 — 1). When e # g = N — 2 by Theorem 4, this BIBD has
distinct blocks and yields an N run e(N — 1) factor optimal SSD. When e = g = N — 2 on the other hand, there is
no guarantee that this BIBD has distinct blocks.

(b) E(sz)—optimal SSDs with N runs and (N — 2)(N — 1)/2 factors can be constructed provided that the BIBD(N —
1, (N—2)(N—1)/2, N/2—1) constructed using the second part of Theorem 1 has distinct blocks. These designs
are constructed by setting

(N-2)/2—1

v= U )

i=0
foru; € {i,i + (N —2)/2).

The following theorem provides a choice for 7' which yields a BIBD(N — 1, (N —2)(N —1), N/2 — 1) with distinct
blocks. The resulting BIBD(N — 1, (N —2)(N — 1), N/2 — 1) corresponds to an E(s?)-optimal SSD with N runs and
(N —2)(N — 1) factors.

Theorem 5. Let N — 1= p", where n € Z" and where p is an odd prime such that p > 7 ifn=10r p>2ifn=2. Let
x be a primitive element of GF(N — 1). If p=N — 1, thenlet 1 <x<(p—1)/4dorp—(p+1)/4<x<p—1.Suchan
x exists for all primes smaller than 104, Also, let T = {0,1,...,N/2=2}and S, , = {xi +a:i €T +r}. Then the
(N=2)(N—=1)sets{S;, :r=0,1,..., N=3,a € GF(N —1)} are the distinct blocks of aBIBD(N —1, (N =2)(N —1),
N/2—1).
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N/2-2

Furthermore, if U = Ui:O {u;} foru; € {i,i + (N —2)/2}, then the (N — 1)(N — 2)/2 sets {S,, : r € U,

a € GF(N — 1)} form the blocks of a BIBD(N — 1, (N —2)(N — 1)/2, N/2 — 1) with distinct blocks.

Proof. First, {S,,:r=0,1,...,N—3,a € GF(N — 1)} constitutes a BIBD(N — 1, (N —2)(N —1), N/2—1) by the
first part of Theorem 2.1 of Bulutoglu and Cheng (2004). To arrive at a contradiction, assume {S;, : r=0,1, ..., N =3,
a € GF(N — 1)} has two identical blocks. Then there exists sets A ={x' +a : i € T}and B={x' : i € T +r},
where a € GF(N — 1) and 0<r <N — 3 with either » # 0 or a # 0 such that A = B.

B is mapped into itself by z — z/x except for one element, and A is mapped into itself by z — xz + (a — ax) except
for one element. Thus, the composite map z — z + (a — ax) maps A = B into itself except for at most two elements.
W.lo.g. assume that @ — ax # 0. Otherwise x = 1, resulting in a contradiction. Then there exists xg, x; € A = B
such that

ro
A:U{x0+i(a—ax)}, (3)

i=0

whererg+1=N/2—1,or

A= |:U{xo +i(a— ax)}:| Ul Ut +ij@—an}|. (4)

i=0 Jj=0

whererg +r1 +2=N/2—1andrp,r €{0,1,...,p—1}.

Case 1: N — 1 = p" for some n>1,n € 77T . The maximum number of elements A = B can have is 2p, and
N —1=p">p> Thus, |[A|=|B|=N/2 - 1>(p> +1)/2 — 1 = (p> — 1)/2>2p for p>5. Therefore, there is a
contradiction for p >5. When p = 3, the same argument leads to a contradiction if n > 3. Finally, the p =3 andn =2
case was checked by computer; the resulting BIBD had distinct blocks.

Case 2: N — 1 = p. Let g(p) be the smallest primitive element in Z,. It has been numerically observed that
g(p) <0.3(4 + log( p))2 for all primes smaller than 10'4. See http://www.ieeta.pt/~tos/p-roots.html for details. It is
also clear from tables at http://mathworld.wolfram.com/PrimitiveRoot.html that 1 < g(p) <(p — 1)/4 for all primes
p € [11,223]. By these two results, one can pick a primitive element x such that 1 <x <(p — 1)/4if p < 104,

Let xo = a(a — ax) and x1 = f(a — ax) for some a, f € Z,,. Then Egs. (3) and (4) lead to the following cases:

(a)

ro
A=+ —ax),
i=0
whererg +1=N/2 — 1.
(b)

ro r1
A=[U{(a+i>(a—ax>}]u JIB+ i@ —an} |,

i=0 j=0

where ro +r1 +2=N/2—1andrg,r1 € {0,1,..., p—1}.
W.Lo.g. assume that x= 1. Let x” =a — ax for some 0 <’ < p — 1. Let A’ and B’ be the elements of A and B divided
by (a — ax), respectively. A = B implies that A’ = {x, x'*1, ... x"*tP=3/2) = B’ where t =r — r’. Since 1 € A’
in both cases, 1 € B’, and this implies that either x € B’ or 1/x € B". Let y € {x, 1/x}. Then the map z — yz maps
A’ = B’ into itself except for one element.
Case 2(a):

i. I<y<(p — 1)/4. Let 0 be the smallest positive integer such that 6y > (p — 1)/2 then 0 € [2, (p — 1)/4],
(p—1D/2<0y<p—1,and (p — 1)/2 < (0 + 1)y< p — 1. Therefore, in this case, the map z — yz cannot map
A’ into itself except for one element, so A # B, a contradiction.
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ii. (p—1/4<y<(p—1)/2.Lety=(p—1)/4+5.Then0<s<(p—1)/4ands € Z". Observe that y € A,
2y=(p—1)/24+2s¢ A,3y=(p—3)/4+3s € A,and4y = p — | +4s ¢ A. Therefore, if A’ has more than three
elements the map z — yz does not map A’ into itself except for 1 element. It follows that if p > 7, then A # B, a
contradiction.

Case 2(b): Also, A = {x", x"t1, ... x"tN/2=2} ‘and
—A={—x", "t —xr+N/2_2}
— {x(pfl)/2+r, x(pfl)/2+r+l’ o, x(pfl)/2+r+N/272}.

Hence, AU —A =7, — {0}, and A N —A = . This implies that

ro r (p—1)/2
[U{(Hi)(a—ax)}}u Ut=B+@—ax) | = | fita—ax),
i=0 j=0 i=1

where either . =1 or f = 1.

Let Ay ={1,2,...,y}and A, ={—(y+ 1), —(y+2),..., (p + 1)/2}, where y = 1 4+ ro. Then A" = A U A.
Observe that the map z — 1/z maps element 1 to 1 and maps (p + 1)/2 to 2. Since A’ = B, the map z — 1/z maps
at least two elements of B’ into B’. This implies that both x and 1/x are in B’.

Let the elements of A and A/, be ordered from smallest to largest using their non-negative integer representation in
[0, p — 1]. Let Z(])j be the elements of Z, represented by p equally spaced points on a circle.

i l<x<(p—D/4

A. |A]|<|A|. First, observe that |[A|| < (p—1)/4and (p—1)/4<|A}|. Then forany x € A/, thereexists 0 € A
such that y+ 1 <x0 < (p—1)/2. Therefore, xA/1 has at least one element notin A’. If (fori =1, 2, ..., 7) {xi}
traverses the circle Z(I), more than once, then {xi} passes through the arc [y + 1,74+ 2,..., (p — 1)/2] more
than once. This forces xA/l to have two elements not in A’. Hence, the elements in xA’1 can traverse the arc
[y+1,7+2,..., (p—1)/2] at most once. This implies that the elements in x A} cover at most [y/x]+ [y/x]
elements in A} and [[(p — 1)/2 — 7]/x] elements in A}. If x[(p + 1)/2] € A}, then x A}, traverses through
[y+1,74+2,...,(p — 1)/2] at least once implying that xA’2 has an element not in A’. Therefore, one
can assume that x[(p + 1)/2] € A’2 and that xA/2 does not traverse through [y + 1, y+2,...,(p — 1)/2].
Then x A}, can cover at most [[(p — 1)/2 — y]/x7 + [y/x] elements in A’. Also, observe that x A) traverses
through [1, 2, ..., 7] at most once as |A/1 | < |A/2|; this forces the maximum possible number of elements of
A’ covered by elements of xA} to be [y/x].
Thus, the maximum number of elements in A" covered by elements of x A} Ux A5 is 2[[(p — 1)/2 —]/xT +
[7/x14+ Ly/x] — 1. Since all elements of A" except one are covered by x A} U xA),

2((p—1)/2—v“+[z]+tzj_12(17—1)_1'

X X X 2

This implies that x =2 as p>11, but then x(p + 1)/2=2(p + 1)/2= p + 1 € A]. Therefore, x A} U xA),
has more than one element not in A’, a contradiction.
B. |A}|<|A]l. The proof is similar to that of Case A.
it. —(p+ 1)/4<x < — 1. The proof is similar to that of Case i. [

The following is a simple example for the construction in Theorem 5.
Example 1. (continued) By Theorem 5 there exists a 14 run, 156 factor E(s?)-optimal SSD achieving the Nguyen—
Tang—Wu bound. The corresponding BIBD(13, 156, 6) is constructed by taking 7" = {0, 1, 2, 3,4, 5} and using the

following 12 initial blocks: B; 1 = {20+, 2141 22+ 23+ 24+i 25+iy fori =0,1,2,...,11.

Theorem 5 does not hold for any size (N — 2)/2 subset T of Zy_>. The following is a counterexample.
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Example 1. (continued) Let T = {0, 1, 2, 3, 4, 10} then the blocks of the corresponding BIBD(13, 156, 6) are S; , =
20+ g, 21 g 22 g 23 g 2% 4 210 4 ) where i =0,1,2,...,11,a=0,1,2,...,12 and
addition is reduced modulo 13. Observe that Sp o = S¢ 5 = (20,21 22 23, 24, 210} Hence the design constructed from
the treatment-block incidence matrix has aliased columns and does not qualify as an 156 factor, 14 run SSD.

It is clear from Theorem 1 that if 77 and 7> belong to the same orbit they yield the same BIBD(N — 1, e(N —
1), N/2—1). When g # N — 2, by Theorem 2, if 77 and T3 belong to different orbits, then the BIBDs constructed by
using Theorem 1 with 77 and 7>, respectively, have no common blocks. The following remark concerns the case when
q=N —2.

Remark 2. When g = N — 2, if there are two subsets 77 and 73 in %, such that the resulting BIBDs obtained by
applying Theorem 1 to 77 and 73 have no repeated blocks and such that these two BIBDs have no common blocks, then
these two BIBDs can be combined to get a larger BIBD without repeated blocks. This larger BIBD can be converted
to an E(s%)-optimal SSD.

One might think that using different generators for GF(N — 1) in Theorem 1 yields new BIBDs. The following
lemma shows that this is not the case.

Lemma 2. Let x| and x> be distinct primitive elements of GF(N — 1). Also, let g be an even divisor of N — 2 and T
be a size q /2 subset of Z4. Then

Sra={x"" +a: 0<j<(N=2)/g—1,i €T +r}
= 4 a: 0<j<S(N=2)/g—1,ie T +r}
for some T € Fy andr' € 7.

Proof. Since x; is a primitive element of GF(N — 1), xi“ = x, for some o € Zy_; such that o and N — 2 are relatively
prime. Hence,

{jg (mod (N —2)) : 0<j (N —2)/g — 1} = {jug (mod (N —2)) : 0<j <(N —2)/q — 1}.
Therefore,
Sra={x"" +a: 0<j<(N=2)/g—1,ieT+r}
= g 0<j<S(N=2)/g—1,i €T +r)
=T 44 0<j<(N=2)/g—1,i ol +ar)
=0T 4a 0<i<K(N=2)/g—1,ieT +r},
where 7' =oT and ¥’ = or. [

The following theorem gives information about f;  for E(s?)-optimal SSDs constructed by Theorem 1 or
Remark 1.

Theorem 6. Let X be an N, run e(N — 1) factor E(s?)-optimal SSD constructed by the first part of Theorem 1 or
Remark 1. Then the frequency of every distinct entry in X' X is a multiple of e(N — 1). In particular, Ssmae APPEQrs a
multiple of e(N — 1) times. Furthermore, if X is an N run, e(N — 1)/2 factor optimal SSD constructed by the second
part of Theorem 1 or the second part of Remark 1, then every distinct entry in X' X appears a multiple of (N — 1) times.

Proof. For simplicity, the theorem is proved when N — 1 = p. The proof of the general case is similar. Let x be
a primitive element in Z,. Order the elements of Z, as Z, = {0, 1, x, X, x(”_z)}. Let ¢ and & be defined as
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o(y)=y+1and h(y) =xy forany y € Z,. Both ¢ and h act on Z,, by permuting the elements of Z,. Based on the
above ordering of the elements of Z,, let 6, and &, be the permutation representations of ¢ and h, respectively. Then
gp,=(1, op(1), a?,(l), e ag,p_l)(l))and hp=(2, 3, ..., p) are the cycle notations for ¢ and h, respectively. Let Sy
be the first initial block in the BIBD(N — 1, e(N —1), N/2—1) from Theorem 1. Then by Theorem 4, So={x"' : i € T}

forsome T € F y_».
Define the first initial block vector vo € {1, =1}V ! as

-1 ifi=1,
vo;, =14 1 if xi72 e Sy,
—1 otherwise.
If the permutations in A act on {+1, —1}¥~! by permuting the coordinates, then e is the smallest integer such that
h;V() =Y0.

Let the e(N — 1) vectors in the set {ai,h{,vo :i=0,1,...,(p—Dandj=0,1,..., (e — 1)} be the columns of the
matrix Xo. Also, let

Xo
=[]
1e(Nfl)

Then X is the E(s2)—optimal SSD constructed by the first part of Theorem 1.
Let 6y hy/vo and '3 hy;vo be the kith and k»th columns of Xo, respectively, where k1, k2 € {1, 2, -+, e(N — 1)}.
Also, forl =1, 2, let

Cr={(ahfve) ol hjwo :i=0,1,....,(p— D and j =0, 1,..., (p —2))
={0v0) hp " o e i =0, 1,....(p— D and j =0, 1,.... (p —2)}
={00) hy e hve i =0,1,....(p— 1) and j =0, 1,.... (p — D)},

let A= Uf:ol Uﬁ.:g {a;h{,} = Uf;ol U;.:g {6'hi(y)} = Uf:ol f;g {x/y + i}, and let h% A be the set obtained by
applying h’; to each element of A forany k € Z*. Then h’l‘,A:U{:OlUf;g {)ck()cj(y)—i—i)}:U{’:_O1 Uﬁ:g{(x(ﬁ'k) )+
ixk)) = Uf:OIU?;g{(xj(y) + i)} = A. This shows that C; = C, as multisets.

Let Cl’ = {(vo)Th;]’(ri,h;,vo i=0,1,...,(p—Dand j=0,1,...,(e — 1)} for I =1, 2. Since h;vo = v and
Ci = C3, C| = C}. The fact that C| = C} implies that the frequency of each element on the kith row of XTX must

be the same as the frequency of each element on the kath row of XTX. Since there are e(N — 1) rows in XX, each
element that appears as an entry in XX must appear a multiple of e(N — 1) times.

Let the e/2(N — 1) vectors in the set {a’},hﬁ,vo :i=0,1,...,(p—1)and j € U} be the columns of the matrix X,
where U is the subset of {0, 1, ..., e — 1} specified in Theorem 3. Also, let
Xo
=[]
le(N—l)

Then X is the E(s%)-optimal SSD constructed by the second part of Theorem 1. Now, it is easy to see that each entry
in XTX must appear a multiple of (N — 1) = p times. [J

In Table 1, E(s?)-optimal SSDs with the best minimax properties found by NOA, algorithms of Ryan and Bulutoglu
(2006), constructed by Theorem 1 or Remark 1, and constructed by Theorem 2 or Remark 2 are listed. (The listed
SSDs were obtained by using all orbits in # y_; and retaining SSDs that had the best minimax properties.) The letter
denotes that an SSD was constructed by the second part of Remark 1 or by applying Remark 2 to two SSDs constructed
by the second part of Remark 1. All the SSDs corresponding to the last two sets of columns in Table 1 were constructed
using GAP.
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Table 1
Properties of E(s?)-optimal SSDs constructed by NOA algorithms of Ryan and Bulutoglu (2006), Theorems 1 and 2 and Remarks 1 and 2

N m E(SZ) NOA, NOA4 NOAg Thm. 1 Thm. 2
or Remark 1. or Remark 2.

Smax f Smax Smax fsmax Smax fxmax Smax f Smax Smax f Smax
10 18 5.8824 6 9 6 9 6 9 6 9 — —
10 36 8.5714 6 90 6 90 6 90 6 90 h — —
10 72 9.8592 6 468 6 468 6 468 6 468 — —
12 22 6.8571 4 99 4 99 4 99 8 11 — —
12 55 10.6667 8 53 4 990 4 990 4 990 h — —
12 66 11.0769 8 96 4 1485 4 1485 — — 8 55 h
12 110 11.8899 8 372 8 273 8 270 8 275 8 275
12 132 12.0916 — — 8 396 8 396 — — 8 396
12 220 12.4932 — — — — 8 1589 — — 8 1650
14 13 4.0000 2 78 2 78 2 78 — — — —
14 26 7.8400 6 39 6 39 6 39 6 39 h — —
14 52 11.5294 10 9 6 312 6 312 10 26 — —
14 78 12.7273 10 35 — — — — 6 819 h 10 39
14 104 13.3204 10 91 — — — — — — 6 1560 h
14 130 13.6744 10 165 — — — — — — 10 65
14 156 13.9097 10 263 — — — — 10 156 10 52
14 182 14.0774 — — — — — — — — 10 325
14 208 14.2029 — — — — — — — — 10 260
14 234 14.3004 — — — — — — — — 10 351
14 312 14.4952 — — — — — — — — 10 858
18 34 9.8182 — — — — — — 14 17 — —
18 68 14.5075 — — — — — — 14 34 — —
18 102 16.0396 —_ —_ —_ — — — — — 14 51
18 136 16.8000 — — — — — — 6 3672 h — —
18 170 17.2544 — — — — — — — — 14 17
18 204 17.5567 — — — — — — — — 14 34
18 272 17.9336 — — — — — — 10 1496 10 1054 h
18 306 18.0590 — — — — — — — — 14 17
18 340 18.1593 — — — — — — — — 14 34
18 408 18.3100 — — — — — — — — 10 3400
18 544 18.4972 — — — — — — — — 10 7072
20 38 10.8108 — — — — — — 16 19 — —
20 57 14.2857 — — — — — — 8 95 h — —
20 76 16.0000 — — — — — — — — 8 304 h
20 114 17.6991 — — — — — — 8 1083 8 1083 h
20 171 18.8235 — — — — — — 8 1710 h — —
20 190 19.0476 — — — — — — — — 8 2394 h
20 228 19.3833 — — — — — — — — 12 57 h
20 342 19.9414 — — — — — — 12 513 12 171 h

NOA algorithms tend to produce SSDs having better minimax properties when k is increased. However, the NOA
algorithms fail to find E(s?)-optimal SSDs as N and m get large. On the other hand it is possible to construct E(s?)-
optimal SSDs for large values of N and m by Theorem 1 or Remark 1 or by Theorem 2 or Remark 2. By Theorem 6, the
E(s?)-optimal SSDs constructed by Theorem 2 or Remark 1 have a certain structure. (In fact this structure is possessed
by all k-circulant SSDs.) This structure may keep these SSDs from having the best minimax properties. This provides
an explanation for the pattern in Table 1 as SSDs found via NOAg do not necessarily have this structure. Nonetheless,
the theoretically constructed SSDs have very good minimax properties. For example, for many cases they still have
better minimax properties than the E(s?)-optimal SSDs found by the NOA, algorithm or those constructed by SRS4
algorithm of Ryan and Bulutoglu (2006).
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3. Determining the number of factors

When N — 1 is an odd prime power, it is of theoretical and practical interest to determine the number of factors of all
E(s2)-optimal SSDs that can be constructed using Theorems 1 and 2 or Remarks 1 and 2. By Theorem 4 and Lemma
2, this can be done by computing the number of size e orbits in # y_ for every even divisor e of N — 2. A brute force
algorithm can be implemented to find all orbits of .7 y_», but this becomes intangible as N — 2 gets larger. Next, a
computationally efficient method is developed for determining the number of size e orbits in . ;. First, represent each
element of .7, by ordering its elements from smallest to largest (mod g) (i.e., for T = {x1, x2, ..., x4,2} € F, and
X1 <x2 <---<Xxg,2 (modg).

Definition 1. Let T = {x{, x2, ..., x;/2} be a size q/2 subset of Z, such that x| <x; <--- < x40 (modq). If d; =
Xi41 —X; (modgq) fori =1, 2,...,¢/2 and x;/241 = x1, then the vector
dy
dp
d =
dg/2

is called the difference vector of T.

Let T and d be as in Definition 1. Then Z;’i 21 d; = q, the x;, and the d; completely determine 7.

Lemma 3. Let T ={x1, x2,...,x42}and T +r={y1, y2,..., yg2} suchthatxy <xp <---<xgpandy; <yy <---
< Yg/2-Also, letd and d' be the difference vectors of T and T + r, respectively. Then
Xy +r 1
o +r y2
gl |=| | modg)
Xg/2 + 7 Yq/2

and g'd = d' (mod q) for somel € {0, 1,...,q/2 — 1}, where

xl .Xq/z
X2 X1
g =
Xq/2 Xq/2—1

(i.e., g is the cyclic shift operator on the indices).

Proof. If r; is the smallest integer such that x; /241 +7; =0(mod4) fori =1, 2,...,¢g/2, then

X1+ yi
| X2t ¥
g . = . (mod g)
Xq/2 + ri Yo/
and T +r; +s=1{y, ¥, .-, y(;/z}, where s <riy1 —ri, rgj241 =711, and y; < yz <--- <yg/2. It is also clear that

gld=d (modgq). O
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Lemma 4. Let T € 7, and g be the cyclic shift operator on the indices of a q /2 tuple. Let Ot be the orbit of T under
the action of the group Z;r. Also, let d be the difference vector of T and k be the smallest integer such that g*d=d. Then,

there exists Ty, Ta, ..., Ty € Ot with difference vectors god, gld, R gk_ld, respectively, such that the first element
of each T; is 0. Furthermore, the difference vector of any T' € O is of the form g’d for some j € {0, 1, ..., k —1}.

Proof. Note that for any T = {x1, x2,...,X42} C Zg, U,‘qzl {(x1+i, x2+1i,..., x40 +i} =2Z,. Wlo.g. assume
x1=0and x; <xp <--- <Xxy/2. I r; is the smallest integer such that x,2_;+1 +7;, = 0 (mod g) fori =1, 2,...,q/2,
then{T, T +r;, T +ry,..., T +rr_1}, where r; <rp <--- <rr_ is the desired {71, T», - - -, Tt }. The second part
follows immediately from Lemma 3. [J

To find the number of length e orbits in 7, for each even divisor e of g, start with

q/2
Y di=q and d;>0. 6))

i=1

Then the number of integer solutions to Eq. (5) is ( qu_ 71] ) If dy and d, are two solutions to Eq. (5) such that gldi=d>

forsome/ € {0, 1,...,q/2 — 1}, then call d| and d> equivalent. Now, by Lemma 4, the number of orbits in 7 ; is the
same as the number of non-equivalent integer solutions to Eq. (5). Before describing a method to find all non-equivalent
solutions to Eq. (5), the following definitions are needed.

Definition 2. Let @ : Z+ — Z™ be defined recursively by ®(1) = 1 and

2n — 1
d(n) = < ) — Z d(n/d). (6)

n—1 n/deZ* d#1

Definition 3. Let g be cyclic shift operator on the indices of solutions to Eq. (5). The period of a solution d to Eq. (5)
is the smallest positive integer k such that gkd =d.

Note that the period of a solution to Eq. (5) divides ¢ /2. Using the function @ and the period of a solution, a method
for finding all non-equivalent solutions to Eq. (5) is provided in the next theorem.

Theorem 7. If o is a divisor of q/2, then the number of period o non-equivalent solutions to Eq. (5) is ®(o)/c.
Furthermore, ®() /o is the number of length 2o orbits in F ; under the action of Z,,.

Proof. If d is a solution of period o or a divisor of o, then d has the form
T
d= 1q/(20() ® d1,dy, ..., dy),

where lcT, /) is a length ¢ /(2a) row vector of +1s. Then the number of solutions that are either period « or a divisor
20—1
oa—1
Since there are oo — 1 distinct equivalent solutions to a given period o solution, the number of non-equivalent period o
solutions is @ (o) /0. The second part of the theorem can be proven by observing that a solution of the form

of o is ( ) Arguing the same way for all divisors of oo shows that the number of solutions of period o is @ ().
T
d=1,,0,)® d1,da, ..., dy)
is the difference vector of some 7' € # ; with |O7| = Z?‘:l di =20 O
Remark 3. Observe that the number of length 2o orbits in 7 ; is @(a) /o which does not depend on g. Therefore, for

any even divisor g of N —2 and any divisor « of ¢ /2, the number of length 2« orbits in % y_; is the same as the number
of length 2o orbits in 7 ;.
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By Theorems 4 and 7, Lemma 2, and the equivalence of an E(sz)—optimal SSD with N runs and g(N — 1) factors
forg € Z* toaBIBD(N — 1, ¢(N — 1), N/2 — 1), the number of factors for N run E(sz)-optimal SSDs constructed
by Theorems 1 and 2 and Remarks 1 and 2 can be determined by the following steps:

1. Factor N — 2.

2. Using Eq. (6) and starting with the prime divisors of N —2, compute @ () and @ (o) /o for all divisors o of (N —2)/2.
@ (o) /o is the number of distinct length 2a orbits in & y_».

3. For each divisor « of (N — 2)/2, by Theorem 1 each orbit of length 2o in % y_» corresponds to an E(s?)-optimal
SSD with N runs and 2a(N — 1) factors if 200 2 N — 2. When 200 = N — 2, one needs to make sure that the design
obtained is an SSD; E(s2)-optimality is guaranteed.

4. Letog <op <--- <oy =(N—2)/2bealldivisors of (N—2)/2 suchthat (N —2)/(20;) isodd,andlet f; < <--- <,
be all divisors of (N —2)/2 such that (N —2)/(2f;) iseven. Lety,=¢(o;) /o; (fori=1, 2, ..., t;—1)and 0;=¢(B;)/p;
(fori=1, 2, ..., ) bethe number of length 20; and 25; orbits in 7 y_», respectively. Let b be the number of length
N —2orbitsin Zy_pand {B; : [ =1, 2,...,b} be the BIBD(N — 1, (N —2)(N — 1), N/2 — 1)s constructed
by Theorem 1 by using length N — 2 orbits in % y_;. By second part of Remark 1, each B; can be written as
B =B} UB?, where B} are BIBD(N — 1, (N —2)(N —1)/2, N/2—Ds.Let 6§ ={B} : 1=1,2,...,b,i=1,2}be
the collection of all such BIBD(N — 1, (N —2)(N — 1)/2, N/2 — 1)s. Let % be a subset of & with the maximum
number of elements such that the BIBD obtained by taking the union of all elements of % has distinct blocks. Let
7y, = |%|. By Theorem 5, y,, >2. (it was empirically observed that y, >4 for N = 38, 10, 12, 14, 18, and 20.) Then
the set

M= CJ U {i;aiai(N—l)} U O U :imiai(N—l)}

j=1 Ogajg}'j j:10<aj<9j i=1

is all possible number of factors for N run E(s%)-optimal SSDs constructed by Theorems 1 and 2 and Remarks 1
and 2.

Note that the computation of 7, requires taking the union of all subcollections of the B; and checking if the resulting
BIBD has distinct blocks. This is computationally expensive even for small values of N. However, if y,, is replaced by
a known lower bound for 7, , then the union in Step 4 can be easily computed. If S is this set, then M 2 S. Hence, this
method yields non-trivial subsets of M. Next, for N = 14 the set S is computed using the lower bound 4 for 7, .

Example 1. (continued) First, N —2 =12 = 223 and o) = 2, ap = 6 are all the divisors of (N — 2)/2 = 6 such that
(N —2)/20; is odd and f; = 1, , = 3 are all the divisors of (N — 2)/2 = 6 such that (N — 2)/2p; is even. Note that

11 =t = 2. It s clear from Eq. (6) that p(1) = 1, $(2) = (f) —1=2and ¢(3) = (;) — 1=9; hence, 3, = p(2)/2 =1,

4<y,, 01 =¢()/1 =1and 6, = ¢(3)/3 =3.Then S = S| | J S», where

B 2 ] B 2

si=| U { wia;i(N — 1)} Ul U { sia;i(N — 1>} )
1 1

| 0<ar <1 | 0<a <4 Li=

i=

and

= U iiﬂiai(N—l)} Ul U {iﬁiai(N—l)} : (8)

L 0<ar <1 Li=1 | 0<ay <3 Li=1

Hence, S = |JX, {261}.

The set § was computed using GAP for N =12, 14, 18 and 20 by replacing 7, with 4 and for the remaining values of

N by replacing 7y, with 2 (see The GAP group, 2002). The results are summarized in Table 2. The last column ( NI\/[;] )

is the maximum number of columns an N run SSD can have. The sequences {a; }?i%, {b; }1-12%0103 in Table 2 are defined
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Table 2
The elements of the set S
N T S (NA;Z_—II )
10 2 UL, (181} 126
12 4 (11,22, 55,66, 77, 110, 121, 165, 176, 187, 220, 231, 242} 462
14 4 f“l{zﬁz} 1716
18 4 U {341} 24310
20 4 %8 {197} 92378
24 2 (23, 46, 253, 276, 299, 506, 529, 552} 1352078
26 2 206 {501} 5200300
28 2 (27,54, 351, 378, 702, 729, 756} 20058300
30 2 U3 (294, 77558760
32 2 00 (311 300540195
38 2 247801741 17672631900
44 2 U”” {43t} 1052049481860
48 2 {47,94, 1081, 1128, 1175, 2162, 2209, 2256} 16123801841550
50 2 13383031981} 63205303218876
54 2 ‘6"”“”{532; } 973469712824056

by ap =0, bgp =0,
a; —aj—1 =72 if i is not divisible by 4,
a; —a;j—1 =8 otherwise,
bi —bj_1 =2 if i is not divisible by 4,
b; — b;_1 =20 otherwise.

The results in Table 2 were obtained with little computational power. On the other hand obtaining these results by
applying the construction in Theorem 1 would have been infeasible for N 220 as this would have required computation
of all orbits in #, for every even divisor g of N — 2 such that ¢ # N — 2 for several modestly large N. Hence the
theoretical results in this paper make it feasible to construct the set S in Table 2.
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