
Approximate Integrals Over Bounded Volumes with

Smooth Boundaries

Jonah A. Reeger

aDepartment of Mathematics and Statistics, Air Force Institute of Technology, 2950
Hobson Way, Wright-Patterson Air Force Base, 45433, Ohio, United States

Abstract

A Radial Basis Function Generated Finite-Differences (RBF-FD) inspired
technique for evaluating definite integrals over bounded volumes that have
smooth boundaries in three dimensions is described. A key aspect of this
approach is that it allows the user to approximate the value of the integral
without explicit knowledge of an expression for the boundary surface. In-
stead, a tesselation of the node set is utilized to inform the algorithm of
the domain geometry. Further, the method applies to node sets featuring
spatially varying density, facilitating its use in Applied Mathematics, Math-
ematical Physics and myriad other application areas, where the locations
of the nodes might be fixed by experiment or previous simulation. By us-
ing the RBF-FD-like approach, the proposed algorithm computes quadrature
weights for N arbitrarily scattered nodes in only O(N logN) operations with
tunable orders of accuracy.
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1. Introduction1

This article is concerned with the development of a method for the ap-2

proximate evaluation of definite integrals over bounded volumes that have3

smooth boundaries in R3. That is, consider volume integration over the do-4

main, Ω, where the boundary, ∂Ω, is described by, for instance, all points5

satisfying h(x) = 0. Here h : R3 7→ R is assumed to be a smooth function. A6

key aspect of the algorithm presented here, however, is that the mapping h7
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need not be known. All that is required is a tesselation of the domain with8

tetrahedra.9

This common problem of approximating the values of definite integrals,10

where some of the earliest work traces back many centuries to early attempts11

to measure the area of the circle [1], is known as quadrature when considering12

integration over an interval, or quadrature/cubature when considering inte-13

gration occurs over domains in two or more dimensions. Now there are nu-14

merous texts devoted to summarizing sophisticated and accurate techniques15

for estimating the values of integrals over intervals, areas, and volumes (see,16

for example [1, 2, 3, 4]).17

The problem of evaluating definite integrals over volumes with smooth18

bounding surfaces is gaining popularity. In particular, attention has recently19

been paid to improvements to finite element methods in the presence of im-20

plicitly defined surfaces, but often with illustrations only in R2 [5] or for21

elements which impose a particular structure on the node sets, e.g. hy-22

perrectangles [6]. These methods can often rely on choosing appropriate23

coordinate systems for applying Gaussian quadrature over each dimension24

(see, e.g. [7]). Further, some of these previous methods required explicit25

knowledge of h and its derivatives, an unnecessary complication remedied in26

section 2.3.3. Other methods for integrating over volumes rely on the Gauss27

divergence theorem [8] and node sets designed for certain characteristics [9].28

Since numerical quadrature is often a follow-up to some other task (such29

as collecting data or numerically solving Partial Differential Equations (PDEs)),30

it can be impractical to require node locations that are specific to the quadra-31

ture method. It is true that an extra interpolation step could take place to32

approximate the integrand at node locations specific to the quadrature rule,33

but this is an unnecessary step that imposes constraints on the compati-34

bility of the accuracy of the interpolation and quadrature. Further, such a35

step may be unworkable if the interpolation step itself places constraints on36

the node set. Requirements on node locations are common in, for instance,37

Newton-Cotes or Gaussian Quadrature rules for evaluating definite integrals38

of intervals in 1-dimension. In both cases a polynomial interpolant of the39

integrand is constructed and then integrated, with interpolation conditions40

enforced at node locations that either have equal spacing between adjacent41

nodes or are tied to roots of orthogonal polynomials.42

To overcome these requirements on the structure of the node set, the43

present algorithm is designed to find the quadrature weights given a node44

set defined by the application or user. It is possible to construct a polyno-45
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mial interpolant of the integrand in this context, followed by integration of46

the interpolant, in more than one dimension. Unfortunately, however, the47

polynomial basis set used for interpolation does not depend on the locations48

of the nodes, and such basis sets suffer from a question of the existence and49

uniqueness of an interpolant on unstructured node sets [10, 11], which has50

prompted the use of Radial Basis Functions (RBFs) in the approximation of51

the integrand. While RBF interpolants were chosen in this work, there exist52

other widely used methods for approximation on scattered data including,53

for instance, moving least squares that could have been considered for the54

task (see, e.g., [12]).55

This paper describes an extension of the work in [13], which considered56

only the volume of the ball in R3, to volumes bounded by arbitrary smooth57

surfaces. In earlier works by the author and collaborators the concept of58

RBF-FD (radial basis function-generated finite differences), which was de-59

signed for and has been successfully applied to solve PDEs (see [14, 15] for60

surveys of these applications), was generalized to construct quadrature rules61

for an interval in one-dimension, bounded domains in two-dimensions and,62

more specifically, integrals over bounded two-dimensional (piecewise-)smooth63

surfaces embedded in three-dimensions (see [16, 17, 18] and the references64

therein).65

The following Section 2 describes the present quadrature method. Section66

3 describes some test examples, with illustrations of convergence rates and67

computational costs. Finally, section 4 outlines some conclusions. An imple-68

mentation of the methods discussed in this paper has been made available69

at [19].70

2. Description of the key steps in the algorithm71

Consider evaluating72

�

Ω

f(x)dV, (1)

where Ω = {x ∈ R3 : h(x) ≤ 0}. Here, the boundary of Ω can be defined as73

∂Ω = {x ∈ R3 : h(x) = 0}.74

Similar to the work presented in [16, 17, 18] for surface integrals and [13]75

for the volume of the ball in R3, at a high level, the proposed algorithm can76

be described in four steps:77
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1. Decompose the domain of integration into K ∈ Z+ subdomains.78

2. On the kth subdomain define an interpolant of the integrand.79

3. Integrate the basis functions defining the interpolant and solve a system80

of linear equations to determine weights for integrating an arbitrary81

function f over the kth subdomain.82

4. Combine the weights for the integrals over the K subdomains to obtain83

a weight set for approximating the volume integral of f over Ω.84

Each of these steps is described in greater detail in what follows. Throughout85

the remainder of this paper, the subscript k will be used to indicate that86

the steps are carried out for each tetrahedron separately. When further87

subscripting is necessary–for instance, to indicate entries of a vector, matrix,88

or a set–the necessary indexing will follow after a comma.89

2.1. Step 1: Decompose the domain of integration90

Suppose that SN = {xi}Ni=1 is a set of N unique points in Ω, with a subset91

exactly on the boundary surface. On the set SN construct a tessellation T =92

{tk}Kk=1 (via Delaunay tessellation or some other algorithm) of K tetrahedra.93

These tetrahedra encompass the bulk of the volume of Ω. However, the94

tetrahedra near the boundary, with h = 0 on at least three vertices, likely95

over- or under-approximate the volume locally.96

Let KS ⊂ {1, 2, . . . , K} be the set of indices such that if k ∈ KS then97

the tetrahedron tk has at least one face that is not shared with any of the98

other tetrahedra, call it τk,∗. This face has all three vertices on the surface99

of Ω, i.e. h = 0 on these vertices, and unless the surface is planar there100

is a sliver of volume, sk, between τk,∗ and the smooth, curved bounding101

surface that must be accounted for in decomposing the volume. Conversely,102

let KI = {1, 2, . . . , K} \KS be the indices of tetrahedra that do not have a103

face with three vertices on the surface. With these definitions (1) can be104

decomposed as105

�

Ω

f(x)dV =
∑
k∈KI

�

tk

f(x)dV +
∑
k∈KS

�
tk

f(x)dV + νk

�

sk

f(x)dV

 ,

(2)

with ν2
k = 1 and νk ∈ R. The region sk can exist entirely inside, entirely106

outside, or might be partially inside and outside of tk. Therefore, to make107
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(2) valid, it is important to choose a coordinate system and νk so that only108

portions of sk outside of tk are added and the remainder is subtracted. A109

useful way of defining the coordinate system is to locate the origin in the110

plane containing τk,∗ and to align two of the coordinate axes so that they are111

parallel to τk,∗. Two such coordinate systems will be defined in section 2.3.1.112

2.2. Step 2: Define an interpolant of the integrand113

For each tetrahedron in T define the sets Nk = {xk,j}nj=1 to be the n114

points in SN nearest to the midpoint, mk, of tk (the average of the vertices115

of tk). Then for each k the integrals116

�

tk

f(x)dV

and117 �

sk

f(x)dV

are evaluated by first approximating f(x) by an RBF interpolant, with inter-118

polation points from the set Nk, and then integrating the interpolant. In this119

work, the interpolant can be written as a linear combination of (conditionally-120

) positive definite RBFs,121

ϕ
(
∥x− xk,j∥2

)
, j = 1, 2, . . . , n

and (supplemental) multivariate polynomial terms. If k ∈ KS, then the122

same interpolant and set of nodes is used for approximating the integrand123

over both tk and sk. Define {πk,l(x)}Ml=1, with M = (m+1)(m+2)(m+3)
6

, to be a124

set of all of the trivariate polynomial terms up to degree m. The interpolant125

is constructed as126

s(x) :=
n∑

j=1

cRBFk,j ϕ
(
∥x− xk,j∥2

)
+

M∑
l=1

cpk,lπk,l(x) = cTkΦk(x), (3)

where the entries of the (n+M)× 1 coefficient vector127

ck =
[
cRBF
k,1 cRBF

k,2 · · · cRBF
k,n cpk,1 cpk,2 · · · cpk,M

]T
5



are chosen to satisfy the interpolation conditions s(xk,j) = f(xk,j), j =128

1, 2, . . . , n, along with the typical constraints applied to RBF interpolants,129 ∑n
j=1 c

RBF
k,j πl(xk,j) = 0, l = 1, 2, . . . ,M . The (n + M) × 1 vector Φk(x)130

consists of all of the basis functions evaluated at x, i.e.131

[Φk(x)]j =

{
ϕ
(
∥x− xk,j∥2

)
j = 1, 2, . . . , n

πk,j−n(x) j = n+ 1, . . . , n+M
.

Satisfaction of the interpolation conditions and constraints amounts to132

solving the system of linear equations Akck = fk with the (n+M)× (n+M)133

matrix134

Ak =

[
ΦT

k Pk

P T
k 0

]
.

The n× n submatrix Φk is made up of the RBFs evaluated at each point in135

Nk, that is136

Φk,ij = ϕ (∥xk,i − xk,j∥) , for i, j = 1, 2, . . . , n.

Likewise the n×M matrix Pk consists of the polynomial basis evaluated at137

each point in Nk so that138

Pk,il = πk,l(xk,i), for i = 1, 2, . . . , n and l = 1, 2, . . . ,M.

The right hand side consists of the function f evaluated at the points in Nk139

and an M × 1 vector of zeros, 0M , that is,140

fk =
[
f(xk,1) f(xk,2) · · · f(xk,n) 0T

M

]T
.

Assuming that the kernel ϕ is conditionally positive-definite of order m and141

the set Nk is unisolvent on the space, P3
m, of trivariate polynomials up to142

degree m, the matrix Ak is invertible and the interpolation problem has a143

unique solution [12].144

In the context of constructing a quadrature rule that is applicable to more145

than one integrand at a time, i.e. to avoid computing the values of cRBFk,j146

and cpk,l, it is convenient to write the interpolant as (noting that ck = A−1
k fk)147

s(x) = (A−1
k Φk(x))

T fk.
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The vector of functions Ψk(x) = A−1
k Φk(x) is a cardinal basis for the space148

spanned by the functions in Φk(x).149

2.3. Step 3: Integrate the interpolant of the integrand150

By integrating the interpolant, the approximation of the integral of f is151

reduced to152

�

tk

f(x)dV ≈
�

tk

s(x)dV =
n∑

j=1

wk,jf(xk,j)

for k ∈ KI and153

�

tk

f(x)dV + νk

�

sk

f(x)dV ≈
�

tk

s(x)dV + νk

�

sk

s(x)dV =
n∑

j=1

wk,jf(xk,j)

for k ∈ KS. Given the definition of fk, the quadrature weights, wk,j, are the154

first n entries of the solution to155

Akwk = Ik.

If k ∈ KI , the right hand side, Ik, includes integrals of the basis functions156

over tk only. That is,157

Ik,j =


�
tk

ϕ (∥x− xk,j∥) dV j = 1, 2, . . . , n
�
tk

πj−n(x)dV j = n+ 1, n+ 2, . . . , n+M
.

The integrals of the trivariate polynomial terms can be evaluated exactly158

via, for instance, the Divergence Theorem or barycentric coordinates. For159

the RBFs, the integrals can be evaluated by further decomposing tk into four160

tetrahedra that share the common vertex xk,j. Summing the integrals of the161

RBFs over the four tetrahedra results in the integral over tk. This process162

allows the volume integral over a tetrahedron to be reduced to four integrals163

in a single dimension. Section 2.3.1 of [13] explains this process.164
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On the other hand, for k ∈ KS165

Ik,j =


�
tk

ϕ (∥x− xk,j∥) dV + νk
�
sk

ϕ (∥x− xk,j∥) dV j = 1, 2, . . . , n
�
tk

πj−n(x)dV + νk
�
sk

πj−n(x)dV j = n+ 1, . . . , n+M
.

The integrals over tk are evaluated using the methods described in the pre-166

vious paragraph and in section 2.3.1 of [13] while the integrals over sk are167

approximated using a scheme discussed in section 2.3.1 of this paper.168

2.3.1. Integrals Over Slivers of Volume at the Surface169

When assigning a sliver of volume to a particular tetrahedron, tk, care170

must be taken so that there are no gaps or overlaps between adjacent slivers.171

Let τk,i, i = 1, 2, 3, 4, be the triangular faces of tk. At least one of these faces172

has all three vertices on the bounding surface. In most cases, this will be173

only one face of tk (particularly when the volume is well resolved by small174

enough tetrahedra), call it τk,∗. In the case of the ball, as in [13], it turns out175

that if the three edges of τk,∗ are projected radially from the center of the176

ball to the surface, gaps and overlaps will be prevented. Unfortunately this177

projection does not apply well to every bounded volume. For each edge of τk,∗178

an area between the edge of the triangle and a curve on the bounding surface179

constructed by projecting the edge to the surface is needed to form a side180

of the sliver of volume. The boundary of the sliver volume is formed by all181

three of these sides, the curved triangle on the bounding surface between the182

three sides, and the triangle τk,∗. Figure 1 illustrates one of these volumes.183

To ensure that there are no gaps or overlaps, the procedure presented in184

[17] that is used to partition surfaces with a set of curved triangles is employed185

here. This procedure requires first locating a projection point ensuring that186

for the tetrahedra in the set KS the triangular faces with three vertices on187

the bounding surface are not projected onto the same surface area. Further,188

the entire bounding surface is included in the union of the projections.189

To summarize the definition of the projection point from [17], suppose190

that the triangle with vertices ak,∗, bk,∗ and ck,∗ is a face of tk, and that ak,∗,191

bk,∗ and ek,∗ are the vertices of a triangular face of an adjacent tetrahedron.192

Also suppose that all of these vertices are exactly on the bounding surfaces.193

The two triangles share the edge with vertices ak,∗ and bk,∗. A unit length194
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Figure 1: Left: A tesselation, T , of a point set, SN , with a tetrahedron, tk, at the boundary
surface outlined in black. The triangular face τk,∗ of tk with three vertices on the bounding
surface is shaded grey. Right: The projection procedure for the highlighted tetrahedron
from the left frame. The arrows originating at pk indicate the projection of τk,∗’s edges to
the surface. The dashed lines indicate the projection of τk,∗’s vertices from the projection
point. When decomposing the volume Ω the area of the triangle τk,∗, the areas between
the arcs on the bounding surface and the edges of τk,∗, and the area of the curved triangle
between these arcs make up the boundary of the sliver of volume, sk, associated with
tk. The projection ensures that between adjacent slivers there are no gaps or overlaps,
illustrated by the slivers of volume associated with three adjacent tetrahedra.

normal vector to the triangle with vertices ak,∗, bk,∗ and ck,∗ is defined by195

nak,∗bk,∗ck,∗ :=
(bk,∗ − ak,∗)× (ck,∗ − ak,∗)

∥(bk,∗ − ak,∗)× (ck,∗ − ak,∗)∥2
,

with × the vector cross product, and a normal vector for the other triangle196

can be defined similarly. Here, and in the remainder of this work, the order197

of the vertices in this definition matters and should be taken as the order198

shown.199

From the normal vectors define200

uak,∗bk,∗ =
1

2

(
nak,∗bk,∗ck,∗ + sign

(
nT
ak,∗bk,∗ck,∗

nak,∗bk,∗ek,∗

)
nak,∗bk,∗ek,∗

)
,

which is simply an average of the normal vectors to each of these two triangles201

pointing in roughly the same direction. This vector lies in the plane that202

separates the slivers of volume assigned to these two triangles. The plane203

is also defined to contain the projection point pk and to be normal to both204
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uak,∗bk,∗ and the vector ak,∗ −bk,∗. The normal vector to this plane that will205

separate the slivers can then be defined206

vpkak,∗bk,∗ = uak,∗bk,∗ × (bk,∗ − ak,∗)

Likewise, the vectors ubk,∗ck,∗ , vpkbk,∗ck,∗ , uck,∗ak,∗ and vpkck,∗ak,∗ can be de-207

fined from the normal vectors to two other triangular faces of tetrahedra adja-208

cent to tk containing appropriate edges and with all vertices on the bounding209

surface.210

The projection point for each triangle τk,∗ is the intersection of the three211

planes with normal vectors vpkak,∗bk,∗ , vpkbk,∗ck,∗ and vpkck,∗ak,∗ that contain212

the appropriate vertices/edges. An expression for this projection point is213

given by, for instance,214

pk = ak,∗ +
vpkbk,∗ck,∗ · (bk,∗ − ak,∗)

vpkbk,∗ck,∗ ·wpkak,∗

wpkak,∗ ,

where the vector215

wpkak,∗ = vpkak,∗bk,∗ × vpkck,∗ak,∗ ,

points in the direction of ak,∗ − pk,∗.216

2.3.2. Evaluating Integrals Over Slivers of Volume Near the Surface When217

the Implicit Parameterization of the Bounding Surface is Known218

Assigning the slivers of volume via the projections from pk provides for a219

transformation of the coordinates of the sliver which allows the integral over220

its volume to be written as an iterated integral over a triangular area and a221

parameter, σ, which relates to the projection from pk. Consider any point222

x in a neighborhood of the sliver volume. The line passing through pk and223

pointing in the direction of the vector x−pk intersects the plane containing224

τk,∗ at a point yk,∗. The point x can therefore be represented as225

x(λ, µ, σ) = yk,∗(λ, µ) + σvk,∗(λ, µ),

where226

vk,∗(λ, µ) =
yk,∗(λ, µ)− pk

∥yk,∗(λ, µ)− pk∥2
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and λ and µ define a two dimensional coordinate system for the plane con-227

taining τk,∗. For each value of λ and µ the parameter σ ranges between228

0 and σmax(λ, µ), where σmax(λ, µ) is the smallest value of σ such that229

h(x(λ, µ, σmax(λ, µ))) = 0; that is, x(λ, µ, σmax(λ, µ)) is on the bounding230

surface. The value of νk in (2) is defined as231

νk = sign((mk −mk,∗) · (pk −mk,∗))

to ensure that only integrals over portions of sk outside of tk are added to the232

total volume and portions of sk inside of tk are subtracted given this choice of233

coordinate system. In this definition,mk andmk,∗ are the midpoints (average234

of the vertices) of the tetrahedron tk and the triangle τk,∗, respectively.235

Determining the value of σmax(λ, µ) can be simple if the function h that236

defines the bounding surface is known and has roots that can be written in237

closed form. If the h is known but the roots cannot be written in closed form,238

then a rootfinding method such as Newton’s method or Broyden’s method239

[20] must be used to find the root, σmax(λ, µ), of h(x(λ, µ, σmax(λ, µ))) = 0240

for each value of λ and µ required to approximate the integral over the sliver241

volume. In either case, when h is known the parameterization of τk,∗ via, for242

instance,243

yk,∗(λ, µ) = (1− λ)ak,∗ + λ((1− µ)bk,∗ + µck,∗)

where 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1, allows the use of any number of quadrature244

techniques over intervals to evaluate the iterated integrals in245

�

sk

ϕ (∥x− xk,j∥) dV =

1�

0

1�

0

σmax(λ,µ)�

0

ϕ (∥x(λ, µ, σ)− xk,j∥) |J(λ, µ, σ)| dσdλdµ.

(4)

In the right hand side,246

J(λ, µ, σ) =

(
1 +

σ

∥yk,∗(λ, µ)− pk∥2

)2

λ [vk,∗(λ, µ) · ((bk,∗ − ak,∗)× (ck,∗ − bk,∗))]

is the Jacobian determinant of x with respect to σ, λ and µ. On the other247

hand, if h is not known, a procedure for computing σmax(λ, µ) and quadra-248

ture weights for evaluating the integrals in λ and µ is described in the follow-249
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ing section. This procedure takes advantage of the knowledge that there are250

points in SN near τk,∗, including its vertices, that are also on the bounding251

surface. Once σmax(λ, µ) is known at appropriate values of λ and µ, the252

integral in σ can be easily treated with any number of quadrature methods253

over an interval. In the current implementation, a 21 node Legendre-Gauss-254

Lobatto quadrature rule is used for evaluating the integrals in each of λ, µ255

and σ.256

To summarize the method described in this section, figure 2 illustrates the257

procedure for integration of the RBF and polynomial basis elements over the258

sliver of volume near the surface, sk, depicted in figure 1 when the parame-259

terization, h, for the bounding surface is known. The larger spheres indicate260

points that are in the plane containing τk,∗. This plane is parameterized by λ261

and µ and is illustrated by the grid in the figure. As an example, the points262

yk,∗(λ, µ) shown in the plane here are chosen and are the result of applying263

a 4-point Legendre-Gauss-Lobatto quadrature rule in (4) when integrating264

over each of λ and µ. The smaller spheres are the points exactly on the sur-265

face that result from the projection of yk,∗(λ, µ) to the surface along the line266

connecting pk and yk,∗(λ, µ). The dotted lines here illustrate these projec-267

tions. The iterated integral in (4) over the variable σ at each value of λ and268

µ is approximated by applying another Legendre-Gauss-Lobatto quadrature269

rule along these dotted lines.270

2.3.3. Evaluating Integrals Over Slivers of Volume Near the Surface When271

the Implicit Parameterization of the Bounding Surface is Unknown272

When h is unknown or unavailable, for instance, when the node set SN is273

determined by simulation or physical measurement, the value of σmax(λ, µ)274

cannot be computed for most choices of λ and µ. Therefore, a procedure275

is needed that allows the approximation of the integral over sk using only276

points from SN that are located on the bounding surface where the upper277

bound on σ is directly computable.278

Define a two dimensional coordinate system for the plane containing τk,∗279

via280

yk,∗(λ, µ) = RT
k

 λ
µ
gk

+ pk,

12



Figure 2: An illustration of the procedure for integration of the RBF and polynomial
basis elements over the sliver of volume near the surface, sk, depicted in figure 1 when the
parameterization, h, for the bounding surface is known.

where281

gk = |(mk,∗ − pk) · nak,∗bk,∗ck,∗|,
282

mk,∗ =
1

3
(ak,∗ + bk,∗ + ck,∗)

and283

Rk =sign(nk,x) sign(nk,z)
nk,znk,x√
n2
k,x+n2

k,y

nk,znk,y√
n2
k,x+n2

k,y

− (n2
k,x+n2

k,y)√
n2
k,x+n2

k,y

−nk,y sign(nk,z)√
n2
k,x+n2

k,y

nk,x sign(nk,z)√
n2
k,x+n2

k,y

0

|nk,x| nk,y sign(nk,x) nk,z sign(nk,x)

 ,

with nk,x, nk,y and nk,z are the three components of nak,∗bk,∗ck,∗ .284

Let Nk,∗ = {xk,∗,j}ηj=1 be the η points in SN nearest to the midpoint,285

mk,∗, of τk,∗ that also satisfy h(xk,∗,j) = 0. These are points exactly on the286

bounding surface. For each j = 1, 2, . . . , η, there is a point at the intersection287
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of the plane containing τk,∗ and the line segment connecting xk,∗,j and pk288

defined by289

yk,∗,j = xk,∗,j −
(xk,∗,j −mk) · nak,∗bk,∗ck,∗

(xk,∗,j − pk) · nak,∗bk,∗ck,∗

(xk,∗,j − pk)

Denote the values of λ and µ at these intersection points as λk,j and µk,j,290

that is yk,∗(λk,j, µk,j) = yk,∗,j (and vk,∗(λk,j, µk,j) = vk,∗,j), so that291

σmax(λk,j, µk,j) =
(xk,∗,j − yk,∗,j) · nak,∗bk,∗ck,∗

vk,∗,j · nak,∗bk,∗ck,∗

.

Now the integral over the sliver volume becomes292

�

sk

ϕ (∥x− xk,j∥) dV =

�

τk,∗

σmax(λ,µ)�

0

ϕ (∥x(λ, µ, σ)− xk,j∥) |J(λ, µ, σ)| dσdλdµ,

(5)

with the Jacobian determinant now293

J(λ, µ, σ) =

(
1 +

σ

∥yk,∗(λ, µ)− pk∥2

)2 [
vk,∗(λ, µ) · nak,∗bk,∗ck,∗

]
.

In this expression the quadrature weights for approximating the integral over294

τk,∗ can be found by now constructing a two dimensional RBF interpolant295

over the set of points {(λk,j, µk,j)}ηj=1 and integrating the interpolant, similar296

to what is presented in sections 2.2 and 2.3. In this case, the system of297

linear equations will require the RBFs and any bivariate polynomial terms298

included in the basis set to be integrated over the projection of τk,∗ into299

the (λ, µ) coordinate system. Closed form expressions for the integrals of300

the polynomial terms are easy to compute, and for many common RBFs301

closed form expressions also exist and can be computed as in [16, 17, 18].302

The integral over σ can be approximated using any number of quadrature303

methods for an interval. In the current implementation, a 21 node Legendre-304

Gauss-Lobatto quadrature rule is used for evaluating the integral in σ.305

As in section 2.3.2, to summarize the method described in this section,306

figure 3 illustrates the procedure for integration of the RBF and polynomial307

basis elements over the sliver of volume near the surface, sk, depicted in figure308
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1 when the parameterization, h, for the bounding surface is unknown. The309

smaller spheres represent the known points in the set Nk,∗. These points are310

projected to the points yk,∗,j (shown as larger spheres) in the plane contain-311

ing τk,∗ from the surface along the line segment connecting pk and xk,∗,j. The312

dotted lines here illustrate the direction of these projections. The plane con-313

taining τk,∗ is parameterized by λ and µ and is illustrated by the grid in the314

figure. The iterated integrals in (5) over the variables λ and µ are approx-315

imated using an RBF-based quadrature rule as discussed in the preceding316

paragraph. The iterated integral in (5) over the variable σ at each value of317

λ and µ is approximated by applying a Legendre-Gauss-Lobatto quadrature318

rule along these dotted lines.319

Figure 3: An illustration of the procedure for integration of the RBF and polynomial
basis elements over the sliver of volume near the surface, sk, depicted in figure 1 when the
parameterization, h, for the bounding surface is unknown.

2.4. Step 4: Combine weights from the subdomains320

Once the weights for each subdomain are computed, summing over all321

k ∈ {1, 2, . . . , K} leads to the approximation of the volume integral over Ω322

�

Ω

f(x)dV ≈
K∑
k=1

n∑
j=1

wk,jf(xk,j).
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Let Ki, i = 1, 2, . . . , N , be the set of all pairs (k, j) such that xk,j 7→ xi.323

Then the volume integral over Ω can be rewritten as324

�

Ω

f(x)dV ≈
N∑
i=1

Wif(xi),

where325

Wi =
∑

(k,j)∈Ki

wk,j.

That is, the weight associated with xi for approximate integration over Ω is326

the sum of the weights for quadrature over those subdomains tk or tk
⋃
sk327

for which xi ∈ Nk.328

3. Test Examples329

To demonstrate the performance of the method described in section 2,330

the algorithm was applied to three different test integrands featuring vary-331

ing degrees of smoothness. Similar to the tests described in [17] and [18],332

weights are computed on quasi-uniformly spaced nodes bounded by a family333

of surfaces generated by rotating the Cassini ovals about the x-axis. That is,334

the bounding surfaces for these volumes are defined by the level surfaces335

h(x) = h(x, y, z) = (x2 + y2 + z2)2 − 2α2(x2 − y2 − z2) + α4 − β4 = 0, (6)

which depend on the two parameters α and β. The demonstrations here will336

consider α = λβ for 0 < λ < 1 (specifically, λ = 0, 0.8, 0.95). The parameter337

β in this work is chosen so that the volume is equal to 1, with β chosen338

numerically. Quadrature nodes for these volumes were generated using a339

modification of the algorithm presented in [21]. Examples of the node sets340

are displayed in figure 4.341

3.1. Performance on Test Integrands342

The algorithm was applied to three test integrands, first by utilizing the343

knowledge of the surface parameterization as in section 2.3.2 and second dis-344

regarding the known surface parameterization as in section 2.3.3. Just as345

in [13], when generating quadrature weights the radial basis function when346
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Figure 4: Examples of the quasi-unifomly spaced nodes in the volumes with bounding
surfaces defined implicitly by (6).

constructing the interpolant on the volume was ϕ(r) = r3 and the num-347

ber of nearest neighbors, n = (m+1)(m+2)(m+3)
3

, was based on the trivariate348

polynomial order m. The choice for n was guided by some computational349

experiments in, for instance, [18, 22, 23] that indicated that in the presence350

of boundaries the number of nearest neighbors must be large enough to over-351

come effects like Runge phenomenon. The examples given in [18] indicated352

that the boundary errors were most prominent when nodes were (exactly)353

uniformly spaced, and the experiments in [13] suggested that this is a safe354

choice. When considering the case of an unknown bounding surface parame-355

terization, the RBF chosen for integrals in the plane was r7 and the number356

of nearest neighbors was η =
⌈
1.05 (γ+1)(γ+2)

2

⌉
. Here γ is the order of the357

bivariate polynomial included in the basis and in all cases γ = 2m. Given358

that the triangle to be integrated over is on the interior of the set of nodes359

used for interpolation, boundary effects pose less of a problem and the choice360

of η appears safe in this context.361

The first of the test integrands is a degree 30 trivariate polynomial. That362

is, let363

f1(x, y, z) =
30∑

α+β+γ=0

aαβγx
αyβzγ,
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with α ≥ 0, β ≥ 0 and γ ≥ 0. Figure 5 displays the values of the coefficients364

aαβγ (exact values are available at [19]) relative to total order α + β + γ of365

the term that they are multiplying. From this we can see that at each order366

there are coefficients of O(1) so that for ∥x∥2 small enough, this sum has367

terms that decay like O(∥x∥α+β+γ
2 ) until α + β + γ = 30, beyond which the368

terms are zero. Figure 6 displays convergence of the approximate integral to

Figure 5: Values of the coefficients aαβγ in f1(x, y, z) shown relative to total order α+β+γ
of the term that they are multiplying.

369

the exact value at an order better than O
(
N−m

3

)
, where m corresponds to370

the order of the trivariate polynomial terms used in the approximation. Al-371

though only O(N− 1
3 ) and O(N− 7

3 ) reference curves are shown, if ∆ refers to372

a typical node separation distance, this corresponds to a convergence order373

of better than O(∆m) at each order. The theory in [24] explains that if the374

multivariate polynomial basis up to degree m is included in the process of375

RBF interpolation, then all of the terms in a series expansion up to degree376

m will be handled exactly for the function being interpolated. The remain-377

ing terms in the series are then approximated by the RBF basis that was378

included, leading to convergence at the order of at least O(∆m), regardless of379

whether the boundary surface parameterization is known. In the cases where380

the boundary surface parameterization is unknown the errors are larger for381

N less than between 104 and 105, particularly in the case of λ = 0.95. Con-382
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sistent with the results in [17], which inspired the method for integrating383

over sliver volumes near the surface when the parameterization is unknown,384

these larger errors are the result of the projection from pk to the plane con-385

taining τk,∗ sending points that are relatively close (in Euclidean distance)386

on the boundary surface to points potentially far away in the plane when the387

direction of the surface normal changes rapidly locally.388

Figure 6: Log base 10 of the absolute error when approximating the volume integral
of f1 over the test surfaces. The errors shown here are the largest after rotating the
integrand 1000 times. The shade of the curves darken as the total order, m, of the
trivariate polynomials that are included in the basis set increases (with only odd orders
labeled in the figure).

The second test integrand is the Gaussian389

f2(x, y, z) = exp
(
−10

(
(x− xs)

2 + (y − ys)
2 + (z − zs)

2
))

where390

(xs, ys, zs) = (0.047056440432708, 0.071766893999009, 0.118950756342700)

is a randomly chosen shift of the center of the Gaussian from the origin. In391

order to have an accurate value to compare to, the volume integral was first392
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approximated by evaluating393

β
√
1+λ2�

−β
√
1+λ2

√√
β4+4β2λ2x2−x2−β2λ2�

−
√√

β4+4β2λ2x2−x2−β2λ2

√√
β4+4β2λ2x2−x2−y2−β2λ2�

−
√√

β4+4β2λ2x2−x2−y2−β2λ2

f2(x, y, z)dzdydx,

using Matlab’s integral3 command with the absolute and relative tolerances394

both set to ten times machine precision. Figure 7 illustrates the error in the395

integral of f2 over each volume when compared to the result from Matlab396

after rotating the integrand randomly 1000 times. It is clear again that the397

order of the error is most dependent on the degree of the polynomials used398

in the interpolation. This can be explained by considering that the series399

f2(x, y, z) =
∞∑

ζx=0

∞∑
ζy=0

∞∑
ζz=0

(−10)ζx+ζy+ζz

(ζx!)(ζy!)(ζz!)
(x− xs)

2ζx(y − ys)
2ζy(z − zs)

2ζz

has terms that decay rapidly as the total order 2(ζx + ζy + ζz) increases so400

that after all terms of degree m are accounted for exactly, only terms of size401

O(∥x− xs∥m+1
∞ ) or smaller remain.402

Finally, the algorithm was applied to a test integrand featuring a steep403

and localized gradient. The test integrand was404

f3(x, y, z) = tan−1 (500z) ,

which has a steep gradient near the plane z = 0. The power series for this405

function has the form406

f3(x, y, z) =
∞∑
ζ=1

(−1)ζ−1500
2ζ−1

2ζ − 1
z2ζ−1,

which has terms, for ζ large enough, that grow for any fixed choice of z >407

1
500

. Therefore, even when capturing the terms of the power series up to408

order m exactly (by including trivariate polynomials up to order m in (3)),409

the accuracy of the approximation depends on how well the RBF basis can410

approximate the remainder of the power series. Figure 8 illustrates this with411

the error decaying at roughly the same rate (slightly less than O(∆3) since412

∆ ∼ N−1/3) regardless of the included polynomial order. The numerical tests413
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Figure 7: Log base 10 of the absolute error when approximating the volume integral
of f2 over the test surfaces. The errors shown here are the largest after rotating the
integrand 1000 times. The shade of the curves darken as the total order, m, of the
trivariate polynomials that are included in the basis set increases (with only odd orders
labeled in the figure).

in [13] suggest that node sets capturing the rapid change in the integrand414

can significantly improve the performance of the algorithm.415

3.2. Computational Expense416

Figure 9 illustrates the time to compute the set of quadrature weights417

on N nodes for various choice of the polynomial order, m. In all cases,418

weights were computed on a workstation with two Intel® Xeon® CPU E5-419

2697 v3 processors, each running at 2.60GHz, and 256 GB of memory running420

MATLAB R2021b. These processors each host fourteen cores, and compu-421

tations were performed utilizing MATLAB’s parallel for loops to calculate422

weights for the independent subdomains in parallel. Consideration of each423

subdomain (tk or tk
⋃

sk) individually allows the time to compute a set of424

quadrature weights (and the use of memory) to scale like O(N) once the425

cost of O(N logN) has been paid for constructing the tesselation, T , and426

determining the nearest neighbors in Nk, k = 1, 2, . . . , K. This is in line427

with what is presented in [13, 16, 17, 18]. Since the choice of m affects the428

sizes of the systems of linear equations that need to be solved at each itera-429
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Figure 8: Log base 10 of the absolute error when approximating the volume integral
of f3 over the test surfaces. The errors shown here are the largest after rotating the
integrand 1000 times. The shade of the curves darken as the total order, m, of the
trivariate polynomials that are included in the basis set increases (with only odd orders
labeled in the figure).

tion, the figure shows an increase in the computational cost as m increases.430

That is, for each subdomain a system of linear equations of size n+M must431

be solved at a cost of O((n + M)3), with M and n both dependent on m.432

The cost of computing quadrature weights are also dependent on parameter433

choices for the quadrature rules used in sections 2.3.2 and 2.3.3 when inte-434

grating the three-dimensional RBF basis over the sliver volumes; however,435

these costs are significantly less than those incurred by solving the systems436

of linear equations for the weights that are used to approximate the volume437

integral over the subdomain. Still, the overall cost of the algorithm scales as438

O(N logN). Although parallelization tests are not presented for this spe-439

cific algorithm, the results presented in [16] should translate to the algorithm440

proposed here. Except for the identification of nearest neighbors in order to441

construct the local weight set for each tetrahedron/sliver of volume and for442

the combination of weights in step 4 the algorithm is easily parallelized.443
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Figure 9: Log base 10 of the time it takes to compute quadrature weights on N nodes
when including trivariate polynomial up to order m.

4. Conclusions444

This study has augmented the previous RBF-FD based approach for eval-445

uating definite integrals [16, 17, 18, 13] with an extension to integrals over446

volumes bounded by smooth surfaces. An important aspect of this extension447

is that explicit knowledge of an expression for the bounding surface need not448

be known. While the tests were performed on quasi-uniformly spaced node449

sets, spatially varying density of the nodes is permitted and can be leveraged450

when the integrand or volume of integration require finer resolution in certain451

places as illustrated in [13]. The computational tests illustrate an algorithm452

that can achieve at least O(∆m) accuracy, with ∆ the typical node separation453

distance and m the order of trivariate polynomial basis functions included in454

the approximation. On a set of N nodes in the volume, the computational455

cost is only O(N logN) and the algorithm is pleasingly parallel.456

While not illustrated here, piecewise smooth boundaries could also be457

considered by 1) altering the procedure discussed in section 2.3.1 to ensure458
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that the slivers of volume are defined to have boundaries that contain the459

points or curves where h has discontinuous derivatives and 2) choosing the460

points inNk so that the convex hull of the set does not contain the singularity461

(similar choices must be made for any iterated integration including the plane462

containing τk,∗ when h is unknown as in section 2.3.3). The second of these463

alterations might introduce boundary effects like Runge phenomenon if the464

points in Nk must be largely to one side of a point or curve where there is a465

discontinuous derivative of h, but these effects can be mitigated by increasing466

n as in, e.g., [18, 25]. Such adaptations of the method presented here may not467

be trivial; however, appropriate application of Stokes’ theorem and Green’s468

theorem over the surfaces and curves that bound the sliver of volume could469

allow for these extensions in many cases.470
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