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Abstract
Steady solutions to the Navier–Stokes equations with
internal temperature forcing are considered. The equa-
tions are solved in two dimensions using the Boussinesq
approximation to couple temperature and density fluc-
tuations. A perturbative Stokes expansion is used to
prove that that steady flow variables are parametri-
cally analytic in the size of the forcing. The Stokes
expansion is complemented with analytic continuation,
via functional Padé approximation. The zeros of the
denominator polynomials in the Padé approximants are
observed to agree with a numerical prediction for the
location of singularities of the steady flow solutions. The
Padé representations not only prove to be good approxi-
mations to the true flow solutions formoderate intensity
forcing, but are also used to initialize a Newton solver
to compute large amplitude solutions. The composite
procedure is used to compute steady flow solutions
with forcing several orders of magnitude larger than the
fixed-point method developed in previous work.
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1 INTRODUCTION

The computation and analysis of steady solutions to the Navier–Stokes (NS) equations are chal-
lenging and important topics with many applications in engineering and physics. This work is
concerned with natural convection, which has a vast accompanying literature describing efforts
and applications in its simulation. Such applications undergoing active study include problems
in gas turbine engine heat transfer,1 the cooling of nuclear reactors,2 the manipulation of flu-
ids containing microparticles,3,4 and nanoparticles,5–8 and more recently, the simulation of laser
beam propagation through a fluid medium.9–11 In problems where natural convection dictates the
fluid dynamics, the use of the Boussinesq approximation has been standard for decades.12 In both
steady and transient studies, there is a vast literature on the numerical methods used to simulate
the Boussinesq equations for nonstandard geometries,13 turbulent flow,14,15 flow induced by tem-
perature boundary conditions,16 andwith internal heat generation.17 Thenumericalmethods used
to solve the transient problem have been thoroughly investigated,18 but the simulation of steady-
state problems for a general domain and forcing continue to present difficulties. The forced, steady
NS equations are a nonlocal nonlinear systemof partial differential equations, whose solutions are
fixed points of the dynamic equations. For the steady problem with internal heat generation, pre-
vious efforts for numerical simulation have included fixed-point approaches with iteration over
the fluid variables19 as well as perturbative solutions in a parameter that measures the degree of
heat transport in the flow.20
In this article, we show that the steady flow solutions to the NS equations (with Boussinesq

approximation) are parametrically analytic in an intensity parameter, 𝜀, that measures the size of
the heating. This is achieved via a Stokes expansion of the fluid variables in 𝜀, which works to
decompose the fully coupled, nonlinear system into a sequence of linear systems, which can be
solved recursively. This perturbative approach to the solutions of nonlinear PDEs is common in
the analysis of nonlinearwaves, in the computation of coherent structures in potential flow,21–23 in
weakly nonlinear models,24–26 and in electromagnetic scattering problems27,28 and the computa-
tion of the stability of these structures.29–33 After proving parametric analyticity, steady solutions
can be computed by direct evaluation of the perturbative expansion for 𝜀 within its radius of con-
vergence. In order to compute steady solutions for higher intensity forcing, a functional Padé
approximant of the solution is computed. The functional Padé approximant takes a formal power
series representation of a function and generates a rational approximant to the function up to a
specified order.34 This method extends the range of 𝜀 for which solutions are computed.
Padé approximants have been exceedingly useful at providing an accurate approximation to the

underlying function when outside the domain of convergence. Efforts over the past half decade
have produced myriad results35 with respect to row convergence properties in the Padé table,36
Padé representation for finite-dimensional vector-valued functions,37 and for generating functions
that themselves have functional coefficients in their series representations.35 Careful considera-
tion of the computation of the Padé approximants must be taken due to the possible large size
that the series coefficients may take. Nicholls and Reitich38 show, for example, that the error in a
Stokes expansion for traveling water waves may begin to grow past a certain number of terms due
to floating point errors. An additional difficulty is due to the ill-conditioning of the linear system
that may arise in the computation of the coefficients of the Padé approximant. Recent work by
Gonnet, Güttel, and Trefethen39 was aimed toward developing improved algorithms in classical
Padé computation via a singular value decomposition (SVD) approach to increase algorithmic
robustness against floating-point noise. The algorithm identifies and removes spurious pole-zero
pairs called Froissart doublets,40 which improves the approximation near the spurious poles and
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LANE and AKERS 3 of 24

clarifies which poles are likely to be genuine to the generating function. One advantage of the
functional Padé approximation that we adopt in this article is a built-in spurious pole removal,
which is accomplished by smoothing out the denominator polynomial via inner products. The
remaining poles in the scalar denominator polynomial can then be used to estimate the location of
singularities in the generating functions, which informs on the radius of convergence of the Stokes
expansion of the steady fluid variables. While useful on its own, the Padé approximant may fail to
accurately represent the true steady flow solutions when the intensity parameter becomes large.
This motivates the use of a Padé–Newton method for high-intensity forcing where the functional
Padé approximant is used as an initialization for Newton’s method applied to a discretization of
the steady Boussinesq system. Figure 8 toward the end of the article summarizes a diagram of the
range of computable 𝜀 values for different numerical solvers in the steady Boussinesq problem.
The rest of the article is organized as follows. In Section 2, we introduce the system of

equations to be solved, followed by the formulation of the perturbative Stokes expansion and com-
putation of terms. Section 3 offers some results on the convergence of the Stokes expansion along
with a proof of parametric analyticity in the intensity parameter 𝜀. In Section 4, we describe the
methodology and convergence properties of functional Padé approximation and a Padé–Newton
method for finding high-intensity solutions. Section 5 is dedicated to an analysis of the poles in
the Padé approximants, and Section 6 discusses the flow solutions for high-intensity forcing found
through the Padé–Newton method.

2 FORMULATION

Weare interested in finding perturbative solutions to the 2D steadyNS equations in theBoussinesq
approximation with an internal temperature forcing term 𝑓,

(𝐮 ⋅ ∇)𝑇 =
1

Pe∇
2𝑇 + 𝜀𝑓, (1a)

(𝐮 ⋅ ∇)𝜔 =
1

Re∇
2𝜔 + Ri𝜕𝑥𝑇, (1b)

∇2𝜓 = −𝜔, (1c)

where𝑢1 = 𝜕𝑦𝜓 and𝑢2 = −𝜕𝑥𝜓. A square, bounded domainΩ ⊂ ℝ2 of length𝐿 is consideredwith
homogeneous Dirichlet boundary conditions in stream function-vorticity variables. The param-
eters in the nondimensionalization (1) are the Reynolds (Re), Peclet (Pe), and Richardson (Ri)
numbers common in convection, and the forcing 𝑓 is normalized such that ‖𝑓‖ = 1. In the sim-
ulation of laser propagation, for example, 𝑓 is often a Gaussian centered in the middle of the
domain Ω that represents the normalized laser intensity. The length scale of the problem, there-
fore, is taken to be thewidth𝑤0 of the forcing 𝑓, which is commonly the beamwidth of a Gaussian
laser. We take𝑤0 = 1 cm for all results in the following sections and the domain length 𝐿 is scaled
by 𝑤0 to be nondimensional. The parameter 𝜀 is then a measure of the intensity of the forcing.
Formally expanding the variables 𝑇, 𝜔, 𝜓 in 𝜀 gives

𝑇 =

∞∑
𝑛=0

𝜀𝑛𝑇𝑛, 𝜔 =

∞∑
𝑛=0

𝜀𝑛𝜔𝑛, 𝜓 =

∞∑
𝑛=0

𝜀𝑛𝜓𝑛, (2)
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4 of 24 LANE and AKERS

where 𝑇0 = 𝜔0 = 𝜓0 = 0. Substituting the series representation (2) into (1) and equating terms of
equal order in 𝜀 gives a system of linear equations for each correction, whose first terms solve

∇2𝑇1 = −Pe𝑓, (3a)

∇2𝜔1 = −RiRe𝜕𝑥𝑇1, (3b)

∇2𝜓1 = −𝜔1, (3c)

and whose general terms solve

∇2𝑇𝑛 = Pe

[
𝑛−1∑
𝓁=1

𝜕𝑦𝜓𝓁𝜕𝑥𝑇𝑛−𝓁 − 𝜕𝑥𝜓𝓁𝜕𝑦𝑇𝑛−𝓁

]
, (4a)

∇2𝜔𝑛 = Re

[
𝑛−1∑
𝓁=1

𝜕𝑦𝜓𝓁𝜕𝑥𝜔𝑛−𝓁 − 𝜕𝑥𝜓𝓁𝜕𝑦𝜔𝑛−𝓁

]
− RiRe𝜕𝑥𝑇𝑛, (4b)

∇2𝜓𝑛 = −𝜔𝑛. (4c)

Each correction (𝑇𝑛, 𝜔𝑛, 𝜓𝑛) can be computed using a linear Poisson equation solver up to a
desired order , then an approximation to the full nonlinear solution is constructed by a finite
truncation of the sums in Equation (2). We solve for the 𝑛th term with a finite-difference Poisson
solver, where we enforce the boundary conditions on each term to satisfy a Navier-slip condition
with zero temperature fluctuation on the boundary.

3 CONVERGENCE RESULTS

The formal series developed above induces a numerical method, provided the series converges.
Both ease of implementation and fast computation are advantages of this approach, where appro-
priate sparse solvers can be used as a fast Poisson solver in each term. We call this method the
Stokes expansion or perturbation series for the remainder of the article. This section includes a
formal proof that the series has a nonzero radius of convergence, aswell as numerical observations
of both the radius of convergence and the growth rates of the terms in the series. A numerical esti-
mate for the radius of convergence is first established as a function of the nondimensional domain
size 𝐿 by observing the growth of terms in the Stokes expansion and comparing to a geometric
series. We then apply rigorous analytical estimates to the size of these Stokes expansion terms to
prove the parametric analyticity of the steady flow on the parameter 𝜀.

3.1 Radius of convergence estimate

A numerical estimate of the radius of convergence of the Stokes expansion can be found as fol-
lows. By plotting the 2-norm of terms against the index 𝑛 for various domain sizes 𝐿, we observe
that the growth rates of these series depend on domain size. Furthermore, the 2-norms of the cor-
rections ‖𝑇𝑛‖2 appear to grow or decay exponentially with 𝑛 according to the general exponential
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LANE and AKERS 5 of 24

F IGURE 1 This figure depicts the estimate for the radius of convergence 𝜀∗ of the perturbation series as a
function of the domain length along the dotted black line. This estimate has 𝑂

(
1

𝐿3

)
asymptotic dependence with

domain length, depicted according to the solid blue line.

relationship

‖𝑇𝑛‖2 = 𝐴𝜎𝑛, (5)

for some exponential parameter 𝜎 > 0 that contains the domain size dependence. Via a compari-
son to the geometric series, the perturbation series (2) converges provided 𝜀 < 1

𝜎
. The exponential

parameter 𝜎 is thus related to the radius of convergence 𝜀∗ by 𝜎 = 1

𝜀∗
. An estimate for the domain-

dependent radius of convergence 𝜀∗(𝐿) can then be established through determination of the
exponential parameter 𝜎(𝐿) through a least-squares fit according to its scaling with the tempera-
ture series terms (5). Figure 1 exhibits the estimate for the radius of convergence as a function of
the domain length 𝐿.
At 𝐿 = 4, the estimate for the radius of convergence is 𝜀∗ ≈ 1

1850
from the least squares determi-

nation of 𝜎. To measure the convergence of the method in relation to this estimate, we track the
error as a function of the number of terms in the series between the perturbation series approach
and a convergent solution from a fixed-point method19 at various 𝜀 values. We fix the domain size
and discretization spacing to be 𝐿 = 4 and ℎ = 1

16
, respectively. Figure 2 shows the absolute error

for 𝜀 = 1

3000
, 𝜀 = 1

2000
, and 𝜀 = 1

1500
.
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6 of 24 LANE and AKERS

F IGURE 2 These panels exhibit the convergence properties of the perturbation series in the series
remainder 2-norm ‖𝑅𝑛‖2 determined from convergent fixed-point flow solutions 𝑇, 𝜔 for various 𝜀 values. Left:
the series converges linearly for 𝜀 = 1

3000
. Middle: the series approaches sublinear convergence for 𝜀 = 1

2000
. Right:

the series diverges for 𝜀 = 1

1500
.

For 𝜀 = 1

3000
and 𝜀 = 1

2000
, we observe convergence, with the latter exhibiting a sublinear con-

vergence rate. For 𝜀 = 1

1500
, however, the perturbation series diverges as the terms in the series

grow too large. The effective radius of convergence thus acts as a limit on the intensity of forcing
forwhich the perturbation series converges. For the same computational and fluid parameters, the
fixed-point method in Ref. [19] converges for 𝜀 up to approximately 1

1000
. Hence, the direct sum-

mation of the perturbation series fails at lower laser intensities or absorption values compared to
a fixed-point approach.

3.2 Parametric analyticity

The numerical convergence of the perturbation series suggests that the steady flow variables may
be parametrically analytic in the parameter 𝜀 within some convergence region  ⊂ ℂ. Next, a
proof of the parametric analyticity of the solution is presented, using the methodology developed
for the water wave problem in Refs. [21, 24, 32].
The size of the 𝑛 = 1 perturbations can be calculated by applying a classic estimate for solutions

to Poisson’s equation41 to Equation (3) yielding

‖𝑇1‖𝐻2(Ω) ≤ 𝐶Pe‖𝑓‖𝐿2(Ω), (6a)

‖𝜔1‖𝐻2(Ω) ≤ 𝐶2RiRePe‖𝑓‖𝐿2(Ω), (6b)

‖𝜓1‖𝐻2(Ω) ≤ 𝐶3RiRePe‖𝑓‖𝐿2(Ω). (6c)

Next, the functions 𝑛 and𝑛 are defined to be the right-hand side of the expressions for the 𝑛th
perturbation in 𝑇 and 𝜔, respectively,
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LANE and AKERS 7 of 24

𝑛 =Pe
[
𝜕𝑦𝜓1𝜕𝑥𝑇𝑛−1 − 𝜕𝑥𝜓1𝜕𝑦𝑇𝑛−1 + 𝜕𝑦𝜓𝑛−1𝜕𝑥𝑇1 − 𝜕𝑥𝜓𝑛−1𝜕𝑦𝑇1

+

𝑛−2∑
𝓁=2

(
𝜕𝑦𝜓𝓁𝜕𝑥𝑇𝑛−𝓁 − 𝜕𝑥𝜓𝓁𝜕𝑦𝑇𝑛−𝓁

)]
,

(7)

𝑛 =Re

[
−Ri𝜕𝑥𝑇𝑛 + 𝜕𝑦𝜓1𝜕𝑥𝜔𝑛−1 − 𝜕𝑥𝜓1𝜕𝑦𝜔𝑛−1 + 𝜕𝑦𝜓𝑛−1𝜕𝑥𝜔1 − 𝜕𝑥𝜓𝑛−1𝜕𝑦𝜔1

+

𝑛−2∑
𝓁=2

(
𝜕𝑦𝜓𝓁𝜕𝑥𝜔𝑛−𝓁 − 𝜕𝑥𝜓𝓁𝜕𝑦𝜔𝑛−𝓁

)]
,

(8)

where the sum is set equal to zero for 𝑛 ≤ 3. To estimate the size of the corrections for large 𝑛,
the following lemma is used to bound the right-hand sides, (7) and (8), in terms of the previous
corrections. We proceed by introducing a positive constant 𝐷 that relates the bounds on the size
of corrections to the size of the functions 𝑛 and𝑛.

Lemma 1 (Recursive Estimate). Let 𝑁 ≥ 3 and let 𝐶 be the positive constant from the elliptic
estimate (6). For a large enough positive constant 𝐷, if each

‖𝑇𝑛‖𝐻2(Ω) ≤ 𝐶𝑇
𝐷𝑛−2

(𝑛 + 1)2
, 2 ≤ 𝑛 ≤ 𝑁 − 1,

‖𝜔𝑛‖𝐻2(Ω) ≤ 𝐶𝜔
𝐷𝑛−2

(𝑛 + 1)2
, 2 ≤ 𝑛 ≤ 𝑁 − 1,

then

‖𝑁‖𝐿2(Ω) ≤ 𝐶𝑇𝐶
𝐷𝑁−3

(𝑁 + 1)2
,

‖𝑁‖𝐿2(Ω) ≤ 𝐶𝜔𝐶
𝐷𝑁−3

(𝑁 + 1)2
,

for some positive constants 𝐶𝑇 and 𝐶𝜔.

Proof. First, the elliptic estimate from (6) gives that

‖𝜓𝓁‖𝐻2(Ω) ≤ 𝐶‖𝜔𝓁‖𝐿2(Ω) ≤ 𝐶‖𝜔𝓁‖𝐻2(Ω) ≤ 𝐶𝐶𝜔
𝐷𝑛−2

(𝑛 + 1)2
.

Next, from the definition of 𝑁 and from the fact that𝐻2(Ω) is an algebra42:

‖𝑁‖𝐿2(Ω) ≤ Pe

[
𝑁−2∑
𝓁=2

(‖𝜕𝑥𝜓𝓁𝜕𝑦𝑇𝑁−𝓁‖𝐿2(Ω) + ‖𝜕𝑦𝜓𝓁𝜕𝑥𝑇𝑁−𝓁‖𝐿2(Ω))
+ ‖𝜕𝑦𝜓1𝜕𝑥𝑇𝑁−1‖𝐿2(Ω) + ‖𝜕𝑥𝜓1𝜕𝑦𝑇𝑁−1‖𝐿2(Ω) + ‖𝜕𝑦𝜓𝑁−1𝜕𝑥𝑇1‖𝐿2(Ω) + ‖𝜕𝑥𝜓𝑁−1𝜕𝑦𝑇1‖𝐿2(Ω)]
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8 of 24 LANE and AKERS

≤ 2Pe

[
𝑁−2∑
𝓁=2

(‖𝜓𝓁𝑇𝑁−𝓁‖𝐻2(Ω)

)
+ ‖𝜓1𝑇𝑁−1‖𝐻2(Ω) + ‖𝜓𝑁−1𝑇1‖𝐻2(Ω)

]

≤ 2𝑀Pe

[
𝑁−2∑
𝓁=2

(‖𝜓𝓁‖𝐻2(Ω)‖𝑇𝑁−𝓁‖𝐻2(Ω)

)
+ ‖𝜓1‖𝐻2(Ω)‖𝑇𝑁−1‖𝐻2(Ω) + ‖𝜓𝑁−1‖𝐻2(Ω)‖𝑇1‖𝐻2(Ω)

]

≤ 2𝑀Pe

[
𝑁−2∑
𝓁=2

(
𝐶𝐶𝜔

𝐷𝓁−2

(𝓁 + 1)2
𝐶𝑇

𝐷𝑁−𝓁−2

(𝑁 − 𝓁 + 1)2

)
+
𝐷𝑁−3

𝑁2
(𝐶3𝐶𝑇RiRePe + 𝐶2𝐶𝜔Pe)

]

= 2𝑀𝐶𝐶𝜔𝐶𝑇Pe
𝑁−2∑
𝓁=2

(
𝐷𝑁−4

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2

)
+ 2𝑀Pe𝐷

𝑁−3

𝑁2
(𝐶3𝐶𝑇RiRePe + 𝐶2𝐶𝜔Pe)

= 2𝑀𝐶𝐶𝜔𝐶𝑇Pe
𝐷𝑁−4

(𝑁 + 1)2

𝑁−2∑
𝓁=2

(𝑁 + 1)2

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2

+ 2𝑀Pe𝐷
𝑁−3

𝑁2
(𝐶3𝐶𝑇RiRePe + 𝐶2𝐶𝜔Pe),

where𝑀 is a positive constant. Next the below sum,

𝑆𝑁 =

𝑁−2∑
𝓁=2

(𝑁 + 1)2

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2
,

is bounded for 𝑁 ≥ 4. First when 𝑁 is odd, using the symmetry of the denominator,

𝑁−2∑
𝓁=2

(𝑁 + 1)2

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2
= 2

𝑁−1

2∑
𝓁=2

(𝑁 + 1)2

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2
.

Decomposing the sum into partial fractions yields

𝑆𝑁 = 2

𝑁−1

2∑
𝓁=2

𝓁2

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2
+

2𝓁

(𝓁 + 1)2(𝑁 − 𝓁 + 1)
+

1

(𝓁 + 1)2

= 2

𝑁−1

2∑
𝓁=2

1

(𝓁 + 1)2

(
𝓁2

(𝑁 − 𝓁 + 1)2
+

2𝓁

𝑁 − 𝓁 + 1
+ 1

)
.

Since 𝓁 ≤ 𝑁

2
,

𝓁2

(𝑁 − 𝓁 + 1)2
+

2𝓁

𝑁 − 𝓁 + 1
+ 1 ≤ 4,

so

𝑆𝑁 ≤ 8

𝑁−1

2∑
𝓁=2

1

(𝓁 + 1)2
≤ 8

(
𝜋2

6
−
5

4

)
= 𝑆.
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LANE and AKERS 9 of 24

The same bound applies for 𝑁 even, with similar proof, giving the updated bound

‖𝑁‖𝐿2(Ω) ≤ 2𝑀𝐶𝐶𝜔𝐶𝑇𝑆Pe 𝐷𝑁−4

(𝑁 + 1)2

+ 2𝑀Pe𝐷
𝑁−3

𝑁2

(
𝐶3𝐶𝑇RiRePe + 𝐶2𝐶𝜔Pe

)
,

which satisfies the lemma for 𝐷 >
25

16
, since (𝑁+1)2

𝐷𝑁2
< 1 for 𝑁 ≥ 4 and

𝐶𝑇 = 2𝑀𝐶𝜔𝐶𝑇𝑆Pe + 2𝑀Pe
(
𝐶2𝐶𝑇RiRePe + 𝐶𝐶𝜔Pe

)
.

The bound on𝑁 follows a similar pattern, where

‖𝑁‖𝐿2(Ω) ≤ Re

[
𝑁−2∑
𝓁=2

(‖𝜕𝑥𝜓𝓁𝜕𝑦𝜔𝑁−𝓁‖𝐿2(Ω) + ‖𝜕𝑦𝜓𝓁𝜕𝑥𝜔𝑁−𝓁‖𝐿2(Ω))
+‖𝜕𝑦𝜓1𝜕𝑥𝜔𝑁−1‖𝐿2(Ω) + ‖𝜕𝑥𝜓1𝜕𝑦𝜔𝑁−1‖𝐿2(Ω) + ‖𝜕𝑦𝜓𝑁−1𝜕𝑥𝜔1‖𝐿2(Ω) + ‖𝜕𝑥𝜓𝑁−1𝜕𝑦𝜔1‖𝐿2(Ω)]
+ ReRi‖𝜕𝑥𝑇𝑁‖𝐿2(Ω)

≤ 2Re

[
𝑁−2∑
𝓁=2

(‖𝜓𝓁𝜔𝑁−𝓁‖𝐻2(Ω)

)
+ ‖𝜓1𝜔𝑁−1‖𝐻2(Ω) + ‖𝜓𝑁−1𝜔1‖𝐻2(Ω)

]
+ ReRi‖𝑇𝑁‖𝐻2(Ω)

≤ 2𝑀Re

[
𝑁−2∑
𝓁=2

(‖𝜓𝓁‖𝐻2(Ω)‖𝜔𝑁−𝓁‖𝐻2(Ω)

)
+ ‖𝜓1‖𝐻2(Ω)‖𝜔𝑁−1‖𝐻2(Ω) + ‖𝜓𝑁−1‖𝐻2(Ω)‖𝜔1‖𝐻2(Ω)

]
+ 𝐶ReRi‖𝑁‖𝐿2(Ω)

≤ 2𝑀Re

[
𝑁−2∑
𝓁=2

(
𝐶𝐶𝜔

𝐷𝓁−2

(𝓁 + 1)2
𝐶𝜔

𝐷𝑁−𝓁−2

(𝑁 − 𝓁 + 1)2

)
+
𝐷𝑁−3

𝑁2
(2𝐶3𝐶𝜔RiRePe)

]
+ 𝐶ReRi‖𝑁‖𝐿2(Ω)

= 2𝑀𝐶𝐶2𝜔Re
𝑁−2∑
𝓁=2

(
𝐷𝑁−4

(𝓁 + 1)2(𝑁 − 𝓁 + 1)2

)
+ 2𝑀Re𝐷

𝑁−3

𝑁2
(2𝐶3𝐶𝜔RiRePe)

+ 𝐶ReRi‖𝑁‖𝐿2(Ω)
= 2𝑀𝐶𝐶2𝜔Re𝑆

𝐷𝑁−4

(𝑁 + 1)2
+ 2𝑀Re𝐷

𝑁−3

𝑁2
(2𝐶3𝐶𝜔RiRePe) + 𝐶ReRi𝐶𝑇𝐶

𝐷𝑁−3

(𝑁 + 1)2
.

This satisfies the lemma for

𝐶𝜔 = 2𝑀𝐶2𝜔Re𝑆 + 4𝑀𝐶2𝐶𝜔RiRe2Pe + ReRi𝐶𝑇𝐶𝑇.

□

The following lemma bounds the size of each perturbation term.
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10 of 24 LANE and AKERS

Lemma 2 (Size of Perturbation Terms). For 𝑛 ≥ 2, some constants 𝐶𝑇 , 𝐶𝜔, and 𝐷 >

max
(
25

16
, 𝐶2

𝐶̃𝑇

𝐶𝑇
, 𝐶2

𝐶̃𝜔

𝐶𝜔

)
,

‖𝑇𝑛‖𝐻2(Ω) ≤ 𝐶𝑇
𝐷𝑛−2

(𝑛 + 1)2
, ‖𝜔𝑛‖𝐻2(Ω) ≤ 𝐶𝜔

𝐷𝑛−2

(𝑛 + 1)2
, ‖𝜓𝑛‖𝐻2(Ω) ≤ 𝐶𝐶𝜔

𝐷𝑛−2

(𝑛 + 1)2
.

Proof. Weproceed by strong induction. For the base 𝑛 = 2 case, it suffices to pick the constants𝐶𝑇 ,
𝐶𝜔 large enough to satisfy the hypothesis. Assuming the hypothesis holds for all 𝑛 < 𝑁, 𝑁 ≥ 3,
we apply an elliptic estimate and Lemma 1 to estimate

‖𝑇𝑁‖𝐻2(Ω) ≤ 𝐶‖𝑁‖𝐿2(Ω) ≤ 𝐶𝑇𝐶
2 𝐷𝑁−3

(𝑁 + 1)2
,

‖𝜔𝑁‖𝐻2(Ω) ≤ 𝐶‖𝑁‖𝐿2(Ω) ≤ 𝐶𝜔𝐶
2 𝐷𝑁−3

(𝑁 + 1)2
,

‖𝜓𝑁‖𝐻2(Ω) ≤ 𝐶‖𝜔𝑁‖𝐻2(Ω) ≤ 𝐶𝜔𝐶
3 𝐷𝑁−3

(𝑁 + 1)2
.

For the hypothesis to hold for ‖𝑇𝑁‖𝐻2(Ω), we require

𝐶𝑇𝐶
2 𝐷𝑁−3

(𝑁 + 1)2
≤ 𝐶𝑇

𝐷𝑁−2

(𝑁 + 1)2
,

which holds for

𝐷 > 𝐶2
𝐶𝑇
𝐶𝑇

.

Similarly, for the ‖𝑇𝑁‖𝐻2(Ω) estimate, we require

𝐶𝜔𝐶
2 𝐷𝑁−3

(𝑁 + 1)2
≤ 𝐶𝜔

𝐷𝑁−2

(𝑁 + 1)2
,

which holds for

𝐷 > 𝐶2
𝐶𝜔
𝐶𝜔

,

and for the ‖𝜓𝑁‖𝐻2(Ω), we require

𝐶𝜔𝐶
3 𝐷𝑁−3

(𝑁 + 1)2
≤ 𝐶𝐶𝜔

𝐷𝑁−2

(𝑁 + 1)2
,

which holds for the same 𝐷 as above. Thus, for 𝐷 satisfying the strict lower bounds, the lemma is
satisfied. □

Next, the above lemmas are used to prove analyticity of the Stokes’ expansion.

Theorem 1 (Parametric Analyticity of Steady Flow Variables). The functions 𝑇(𝑥, 𝑦; 𝜀) ∈ 𝐻2(Ω),
𝜔(𝑥, 𝑦; 𝜀) ∈ 𝐻2(Ω), 𝜓(𝑥, 𝑦; 𝜀) ∈ 𝐻2(Ω), which are solutions to the steady Boussinesq equations with
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LANE and AKERS 11 of 24

homogeneous Dirichlet boundary conditions (1) are parametrically analytic in the parameter 𝜀 ∈ ℂ

for some |𝜀| > 0. That is, the series given by (2) converges for small enough |𝜀|.
Proof. Suppose that |𝜀| < 𝜌

𝐷
for some 0 ≤ 𝜌 < 1. The terms 𝑇𝑛 in the perturbation series (2) are

bounded by a p-series

|𝜀|𝑛‖𝑇𝑛‖𝐻2(Ω) ≤ |𝜀|𝑛𝐶𝑇 𝐷𝑛−2

(𝑛 + 1)2
=
𝐶𝑇

𝐷2
𝜌𝑛

(𝑛 + 1)2

≤ 𝐶𝑇

𝐷2
1

(𝑛 + 1)2
.

Since the p-series converges, so does the perturbation series

‖‖‖‖‖
∞∑
𝑛=1

𝜀𝑛𝑇𝑛

‖‖‖‖‖𝐻2(Ω)

≤
∞∑
𝑛=1

𝐶𝑇

𝐷2
1

(𝑛 + 1)2
.

The result for 𝜔𝑛 and 𝜓𝑛 follows similarly. □

Corollary 1 (Radius of Convergence Scaling).The radius of convergence 𝜀∗ of the perturbation series
(2) scales as 1

𝜀∗
=  (Re Ri Pemax(Re, Pe)).

Proof. From Theorem 1, the radius of convergence can be determined through 1

𝜀∗
= 𝐷. From

Lemma 2, 𝐷 satisfies 𝐷 ≳ 𝐶𝑇 and 𝐷 ≳ 𝐶𝜔. Lemma 1 then provides the scaling 𝐶𝑇 = (Re Ri Pe2)
and 𝐶𝜔 = (Re2 Ri Pe), so 1

𝜀∗
= 𝐷 = (Re Ri Pemax(Re, Pe)). □

The radius of convergence for the Stokes expansion follows the same scaling as the effective
radius for the convergence of the fixed-point method published in Ref. [19] as a function of the
nondimensional Re, Ri, Pe numbers. The utility of both methods is therefore limited by the size
of the intrinsic fluid parameters and by the computational domain size, as described in Figure 1.
Each result can be thought of as a respective scaling in the two length scales of the problem: the
spatial extent of the forcing𝑤0 that dictates the intrinsic flow parameters and the domain length𝐿.

4 ANALYTIC CONTINUATION

In some practical applications, such as the simulation of atmospheric laser propagation, the
large 𝜀 regime is of interest.43 Analytic continuation is a classic approach for using a perturba-
tion series for large parameter values,44 wherein the perturbation expansion is supplemented via
Padé approximation.

4.1 Functional Padé approximation

Padé approximation can be used to represent a divergent power series with a (potentially con-
vergent) sequence of rational functions near singularities—locations where a polynomial cannot
sufficiently approximate the underlying function. Padé approximation has proven to be an
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12 of 24 LANE and AKERS

incredibly powerful tool in approximation theory, even though many unanswered questions still
remain with respect to the full extent of the effectiveness of the method.44
While Padé approximation is traditionally utilized for approximating power series with scalar

coefficients inℝ orℂ, themethodmay be generalized for series with coefficients in a vector space.
This generalization is called vector Padé approximation or functional Padé approximation for coef-
ficients in a function space.35,37,45 A function 𝑇 ∈ 𝐻2(Ω) is represented by a rational function in
the parameter 𝜀 with functional numerator coefficients and scalar denominator coefficients:

𝑇(𝑥, 𝑦; 𝜀) ≈ 𝑟[𝑁∕2𝑘](𝑥, 𝑦; 𝜀) =
𝑝(𝑥, 𝑦; 𝜀)

𝑞(𝜀)
=
𝑝0(𝑥, 𝑦) + 𝜀𝑝1(𝑥, 𝑦) +⋯+ 𝜀𝑁𝑝𝑁(𝑥, 𝑦)

𝑞0 + 𝜀𝑞1 +⋯+ 𝜀2𝑘𝑞2𝑘
. (9)

There are several ways to construct this rational approximation, each depending on the axioms
and desired properties of the representation. These include integral Padé approximants, hybrid
Padé approximants,modified Padé approximants, and themethodutilized in thiswork, functional
Padé approximants.45 For a function 𝑇 with terms 𝑇𝑖 in a formal power series in the parameter
𝜀 ∈ ℂ, the functional Padé approximant takes the form

𝑟[𝑛∕2𝑘](𝑥, 𝑦; 𝜀) =
𝑝(𝑥, 𝑦; 𝜀)

𝑞(𝜀)
, (10)

where 𝑟[𝑛∕2𝑘](𝑥, 𝑦; 𝜀) denotes a rational function in 𝜀 of numerator degree 𝑛 and denominator
degree 2𝑘. The functions 𝑝 and 𝑞 are polynomials in the parameter 𝜀 that satisfy the following
axioms45:

deg(𝑝) ≤ 𝑛, deg(𝑞) = 2𝑘, (11a)

𝑞
|||⟨𝑝, 𝑝⟩𝐻2(Ω), (11b)

𝑇(𝑥, 𝑦; 𝜀) − 𝑟[𝑛∕2𝑘](𝑥, 𝑦; 𝜀) = (𝜀𝑛+1), (11c)

𝑞(0) ≠ 0. (11d)

Condition (11a) specifies the degree of the polynomials 𝑝 and 𝑞 and condition (11b) enforces the
divisibility of the polynomial

⟨
𝑝, 𝑝

⟩
𝐻2(Ω)

by the polynomial 𝑞, where
⟨
⋅, ⋅

⟩
𝐻2(Ω)

denotes the inner
product in the𝐻2(Ω) space. These axioms ensure existence and uniqueness of the functional Padé
approximant.36
Work by Baker and Graves–Morris37,46 treats questions about existence, uniqueness, degener-

acy, and construction of vector Padé approximants in the finite-dimensional case. The results,
however, generalize naturally to approximants with numerator polynomials that exist in an
infinite-dimensional function space. The most relevant result to our analysis is that functional
Padé approximants satisfying the above axioms (11) are unique, and the denominator polynomial
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LANE and AKERS 13 of 24

may be constructed through a determinant formula34:

𝑞(𝜀) =

||||||||||||||

0 0,1 0,2 … 0,2𝑘

−0,1 0 1,2 … 1,2𝑘

⋮ ⋮ ⋮ ⋮ ⋮

−0,2𝑘−1 −1,2𝑘−1 −2,2𝑘−1 … 2𝑘−1,2𝑘

𝜀2𝑘 𝜀2𝑘−1 𝜀2𝑘−2 … 1

||||||||||||||
, (12)

where is a (2𝑘 + 1) × (2𝑘 + 1)matrix that satisfies the linear system

𝐪 = 𝟎 for 𝐪 = [𝑞0, 𝑞1, … , 𝑞2𝑘]
𝑇
. (13)

Since is a skew-symmetricmatrix of odd order, a nontrivial solution to (13) exists. The elements
of are defined by

𝑖𝑗 =

𝑗−𝑖−1∑
𝓁=0

⟨
𝑇𝓁+𝑖+𝑛−2𝑘+1, 𝑇𝑗−𝓁+𝑛−2𝑘

⟩
𝐻2(Ω)

, (14)

where the inner product in the𝐻2(Ω) space is defined by⟨
𝑢, 𝑣

⟩
𝐻2(Ω)

= ∫
Ω

𝑢𝑣 + 𝜕𝑥𝑢𝜕𝑥𝑣 + 𝜕𝑦𝑢𝜕𝑦𝑣 + 𝜕𝑥𝑥𝑢𝜕𝑥𝑥𝑣 + 𝜕𝑥𝑦𝑢𝜕𝑥𝑦𝑣 + 𝜕𝑦𝑦𝑢𝜕𝑦𝑦𝑣 𝑑Ω. (15)

After the denominator polynomial is determined, the numerator polynomial 𝑝(𝑥, 𝑦; 𝜀) is found
through application of axiom (11c),

𝑝(𝑥, 𝑦; 𝜀) = [𝑞(𝜀)𝑇(𝑥, 𝑦; 𝜀)]
𝑛

0 , (16)

where the brackets in Equation (16) notate the partial sum of series coefficients such that

[𝑇(𝑥, 𝑦; 𝜀)]
𝑛
0 =

𝑛∑
𝑖=0

𝜀𝑖𝑇𝑖(𝑥, 𝑦; 𝜀) (17)

for some 𝑇 with series terms 𝑇𝑖 .
In this work, each of the perturbation terms 𝑇𝑛, 𝜔𝑛, 𝜓𝑛, were computed on a uniform Cartesian

grid. Second-order finite difference approximations were used for the derivatives and the quadra-
ture was performed with the trapezoidal rule. The numerator polynomial terms in the rational
approximation will each be vectors with𝑚2 terms, where𝑚2 is the total number of points in the
discretization over an𝑚 ×𝑚 grid. We find the denominator polynomial 𝑞 by interpreting (13) as
an eigenvalue problem and computing the SVD of the matrix. The null vector associated with
the smallest singular value is chosen for 𝐪 where ‖𝐪‖ = 1 in the vector 2-norm. A similar SVD
approach for noisy data was first introduced for classical Padé approximants by Gonnet et al.39

4.2 Newton iteration

When the intensity parameter 𝜀 is large, the functional Padé approximant may fail to represent
the steady flow solutions to a tolerable degree when high accuracy is required, for example, in
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14 of 24 LANE and AKERS

a simulation for laser propagation. In this case, the approximant may, however, still serve as a
suitable initial guess for a Newton iteration. In this section, the Newton iteration for the 2D steady
Boussinesq equations (1) is presented. The steady solutions solve (𝑇, 𝜓, 𝜔) = 0, with

1 = −(𝐮 ⋅ ∇)𝑇 +
1

Pe∇
2𝑇 + 𝜀𝑓, (18a)

2 = −(𝐮 ⋅ ∇)𝜔 +
1

Re∇
2𝜔 + Ri𝜕𝑥𝑇, (18b)

3 = ∇2𝜓 + 𝜔, (18c)

with 𝑢1 = 𝜓𝑦 , and 𝑢2 = −𝜓𝑥. The generalizedNewton iteration takes the following form for 𝑛 ≥ 0,

𝑋𝑛+1 = 𝑋𝑛 − [𝐷(𝑋𝑛)]−1𝐹(𝑋𝑛), (19)

where the 𝑋0 = (𝑇0, 𝜔0, 𝜓0) initialization comes from the functional Padé approximant and
𝐷(𝑋𝑛) is the collection of partial Fréchet derivatives 𝐷𝑇(𝑋𝑛), 𝐷𝜔(𝑋𝑛), 𝐷𝜓(𝑋𝑛) of  at 𝑋𝑛.
Each of the partial Fréchet derivatives are given below,

𝐷𝑇𝑓1(𝑋𝑛) = −𝜕𝑦𝜓𝑛𝜕𝑥 + 𝜕𝑥𝜓𝑛𝜕𝑦 +
1

Pe∇
2, (20a)

𝐷𝜔𝑓1(𝑋𝑛) = 0, (20b)

𝐷𝜓𝑓1(𝑋𝑛) = 𝜕𝑦𝑇𝑛𝜕𝑥 − 𝜕𝑥𝑇𝑛𝜕𝑦, (20c)

𝐷𝑇𝑓2(𝑋𝑛) = Ri𝜕𝑥, (20d)

𝐷𝜔𝑓2(𝑋𝑛) = −𝜕𝑦𝜓𝑛𝜕𝑥 + 𝜕𝑥𝜓𝑛𝜕𝑦 +
1

Re∇
2, (20e)

𝐷𝜓𝑓2(𝑋𝑛) = 𝜕𝑦𝜔𝑛𝜕𝑥 − 𝜕𝑥𝜔𝑛𝜕𝑦, (20f)

𝐷𝑇𝑓3(𝑋𝑛) = 0, (20g)

𝐷𝜔𝑓3(𝑋𝑛) = , (20h)

𝐷𝜓𝑓3(𝑋𝑛) = ∇2, (20i)

where  is the identity operator. At this stage, each of the partial Fréchet derivatives can be dis-
cretized and the iteration (19) transformed to solve a system of algebraic equations at each point
on the 2D grid,

𝐗𝑛+1 = 𝐗𝑛 − 𝐽((𝐗𝑛))−1(𝐗𝑛), (21)
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LANE and AKERS 15 of 24

F IGURE 3 Left: Jacobian sparsity pattern as directly constructed from (22) with a bandwidth of 2m2

following discretization on an𝑚 ×𝑚 grid. Right: Jacobian sparsity pattern following permutation to reduce
bandwidth to 3 m.

where the collection of partial Fréchet derivatives becomes the Jacobian that may be constructed
through the block matrix of discretized Fréchet derivatives

𝐽 =

⎡⎢⎢⎢⎣
𝐃𝑇1(𝐗𝑛) 𝐃𝜔1(𝐗𝑛) 𝐃𝜓1(𝐗𝑛)
𝐃𝑇2(𝐗𝑛) 𝐃𝜔2(𝐗𝑛) 𝐃𝜓2(𝐗𝑛)
𝐃𝑇3(𝐗𝑛) 𝐃𝜔3(𝐗𝑛) 𝐃𝜓3(𝐗𝑛)

⎤⎥⎥⎥⎦. (22)

Due to the size of the Jacobian and the sparsity of each of the blockmatrix elements, it is beneficial
to minimize its bandwidth to improve computational performance in a sparse linear solver. This
may be achieved by alternating the appropriate rows and columns in the direct construction of
the Jacobian. Alternatively, the block form (22) may be permuted (for example) with the reverse
Cuthill–McKee algorithm47 to reduce the bandwidth before applying a linear solver in theNewton
iteration. Figure 3 depicts the sparse, banded structure of the Jacobian over a second-order finite
difference approximation to the system (18) on an𝑚 ×𝑚 computational grid.

4.3 Padé error analysis

For the functional Padé approximant to be effective, it must represent the flow solutions to a
specified order of accuracy at 𝜀 values that lie outside the convergence region of the perturbation
series. Part of the analysis to follow is to determine numerically the largest 𝜀 values in which the
flow solutions can be accurately represented by the Padé approximants. Convergence results for
functional Padé approximants require knowledge of the structure of the true flow solutions,36 and
thus the effective domain of convergence must be determined numerically. Ideally, the choice
of the degree 𝑀 = 2𝑘 of the denominator polynomial agrees with the true number of poles of
each respective flow solution in the 𝜀-complex plane, which is generally unknown. In practical
numerical applications, the best arrangement tends to be the diagonals of the Padé table, meaning
𝑁 = 𝑀, or slightly off diagonal, where𝑀 = 𝑁 ± 1.34,36,44
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16 of 24 LANE and AKERS

F IGURE 4 The forward error in the functional Padé approximant for temperature fluctuation is presented
for two 𝜀 values across various 𝑁,𝑀 values. The left panel exhibits rapid convergence in 𝑁 for every fixed𝑀,
while the right panel depicts lower error for 𝑁,𝑀 values near the diagonal of the Padé table.

Figure 4 depicts the forward error in the vector 2-norm of functional Padé approximants to the
temperature fluctuations across various choices for N, M and for two separate 𝜀 values. Error is
defined relative to true flow solutions obtained from the fixed-pointmethod19 orNewton’smethod
(19) described in the previous subsection. The domain size of 𝐿 = 4 remains fixed in all computa-
tional results. Based on the formulation of the functional Padé approximants, we require𝑀 to be
even with the condition that 𝑁 ≥ 𝑀 − 1. The parity restriction on𝑀 permits denominator poly-
nomials with strictly nonreal roots, which is beneficial for computational purposes as we vary 𝜀
along the real line. The top panels depict error for an 𝜀 value within the perturbation series con-
vergence region and the bottom panels depict error for 𝜀 at the edge of the convergence region for
the fixed-point method described in Ref. [19].
Figure 4 depicts the convergence of the Padé approximant in 𝑁 for a fixed𝑀 when 𝜀 is small

and within the perturbation series convergence region. Since, however, the primarymotivation to
employ Padé approximants comes from its ability to represent functions well outside the domain
of analyticity, particular attention is paid to the error for increasingly large 𝜀 values. When 𝜀
increases, the lowest error approximants tend to lie near the diagonal of the Padé table such that
𝑀 = 𝑁 for even 𝑁 and𝑀 = 𝑁 − 1 for odd 𝑁 (see the right panel of Figure 4).

5 PADÉ POLE ANALYSIS

Since the steady flow solutions are represented with a rational function in the parameter 𝜀, this
functional Padé approximant can be used to estimate the locations of 𝜀-singularities within the
complex plane. From analyzing the convergence properties of the perturbation series represen-
tation of the steady flow solutions (2), one can estimate the domain of 𝜀 values in which the
perturbation series converges. For the same simulation parameters in the previous section, we
estimate 𝜀∗ ≈ 1

1850
= 5.4 × 10−4 to be the effective radius of convergence. This radius can also be

approximated using the roots of the denominator polynomial.
The zeros of the denominator polynomial of the functional Padé approximant represent a nat-

ural estimate of these singularities; however, their number and location depend on the degree
of the denominator polynomial 𝑀. Since the distribution and number of poles is that which is
to be determined, we search over the space of allowed 𝑀 values to observe the behavior of the
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LANE and AKERS 17 of 24

F IGURE 5 Left: The distance from the origin to the nearest pole in the complex plane for the functional
Padé approximants across various 𝑁 values is depicted. Right: The poles within the bounding box that surround
the estimated radius of convergence of the perturbation series are plotted as a function of 𝑁. (2). The numerator
degree approaches 21 before closer poles arise due to floating point errors. The radius of convergence estimate
𝜀∗ = 5.4 × 10−4 comes from the least squares estimate in Section 3 for 𝐿 = 4.

denominator zeroes in the functional Padé approximant. Figure 5 depicts the closest 𝜀-pole in the
complex plane as a function of 𝑁 with 𝑀 = 𝑁 for even 𝑁 and 𝑀 = 𝑁 − 1 for odd 𝑁. Only the
nearest pole to the origin between 𝑇, 𝜔, and 𝜓 is shown, and poles at the origin corresponding to
pole-zero pairs, or Froissart doublets,39 are ignored. The nearest poles tend to approach a value
close to the estimated radius of convergence as 𝑁 → 21, past which the pole locations become
more erratic due to floating point errors arising from the increasing size of the perturbation terms.
The right panel depicts the pole locations surrounding the estimated radius of convergence as 𝑁
approaches 21.
We note that the𝑁 = 25,𝑀 = 24 is the highest order representation that contains no real poles,

and thus allows arbitrarily large real 𝜀. This behavior is desired in the high amplitude limit and
should produce a useful initialization for the Newton method presented in Section 6.

5.1 Comparison to classical Padé approximation

Instead of the functional Padé approximant treated presented above, one could instead calculate a
classical Padé approximant to the pointwise discretization of the steady flow solutions. That is, for
each point (𝑥, 𝑦) in the 2D discretization of the steady flow solutions, a classical Padé approximant
is constructed from the associated (𝑥, 𝑦) points in the perturbation terms. For the temperature
case, this is represented by

𝑇(𝑥, 𝑦; 𝜀) ≈

∑𝑁

𝑛=0
𝜀𝑛𝐴𝑛(𝑥, 𝑦)∑𝑀

𝑛=0
𝜀𝑛𝐵𝑛(𝑥, 𝑦)

=
𝐴0(𝑥, 𝑦) + 𝜀𝐴1(𝑥, 𝑦) +⋯+ 𝜀𝑁𝐴𝑁(𝑥, 𝑦)

𝐵0(𝑥, 𝑦) + 𝜀𝐵1(𝑥, 𝑦) +⋯+ 𝜀𝑀𝐵𝑀(𝑥, 𝑦)
. (23)

The classical Padé numerator and denominator coefficients can be pointwise computed through
any standard approach, yet it is useful to consider more robust approaches when the matrix
 is singular or ill-conditioned, or if there is noise in the perturbation terms, possibly aris-
ing due to floating-point errors. Gonnet, Güttel, and Trefethen39 introduce one such robust
approach, which implements the normalization condition such that ‖𝐁‖ = 1, and determines the
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18 of 24 LANE and AKERS

F IGURE 6 The distance from the origin to the nearest genuine real pole with classical and functional Padé
approximation. Functional Padé approximation avoids real poles for most 𝑁 < 22 before floating point errors
dominate, while classical Padé approximation creates real poles for nearly all 𝑁 values.

denominator coefficients with an SVD approach; similar to the method introduced for functional
Padé approximation.
While this classical approach will ostensibly provide an improved (𝜀𝑁+𝑀+1) accuracy com-

pared to the functional Padé’s (𝜀𝑁), this result must be held in consideration with the new
pointwise 𝜀-pole distribution. By defining unique denominator coefficients at each point in dis-
cretization of the steady flow solutions,we introduce𝑀 poles associated to each of the𝑚2 points in
the discretization. If any of these poles lie on the real line, the loss of regularity in the classical Padé
representation may result in a significant departure from the true steady flow solution. Figure 6
provides the nearest real pole distribution for classical and functional Padé approximation as 𝑁
increases and𝑀 = 𝑁 − 1 in the top panel.
Gonnet, Güttel, and Trefethen39 introduce a coloring scheme for poles based on the complex

residue (distance between a pole and the nearest zero). If a pole is very close to a zero, it is likely
to be spurious and to not represent a genuine singularity in the function. For large residues, the
pole is likely to be genuine. In between, there is some uncertainty in the degree to which a Padé
pole represents a genuine singularity. The bottom panel of Figure 7 follows the same convention,
denoting red poles as likely to be spurious, blue poles as likely to be genuine, and green poles
as uncertain.
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LANE and AKERS 19 of 24

F IGURE 7 The pole distribution in the complex plane using an adaptation of the coloring scheme described
in Ref. [39] for the determination of a genuine or spurious pole. The poles are colored based on the residue 𝑟 such
that red: 𝑟 < 10−10, green: 10−10 ≤ 𝑟 ≤ 10−5, blue: 10−5 < 𝑟.

The poles of the classic Padé approximate in Figure 7 include a sequence of real poles near the
origin. The poles closest to the origin are classified as spurious, but as the residue grows along
the real line the poles are eventually classified as genuine. Presently, there is a noted absence in
the literature that aims to connect Padé approximation methods to modern algebraic geometry,
with further discussion on Padé approximants on complexmanifolds provided byRef. [48]. Rather
than rely on the classification scheme in Ref. [39] for the poles of classical Padé approximant, the
functional Padé approximant can be used and these potentially spurious real poles can be avoided
altogether. Therefore, the use of functional approximation is preferred for computing steady flow
solutions in the large 𝜀 limit, evenwith the loss in asymptotic accuracy compared to classical point-
wise Padé approximation. This functional Padé approximant is observed to have good qualitative
agreement with the shape of steady flow solutions up to 𝜀 ≈ 0.05 for the simulation parameters in
Section 6. Figure 8 summarizes the four steady fluid solvers under consideration based on their
computational cost and 𝜀-range of computation.

6 SIMULATIONS FOR LARGE 𝜺

We now present results from applying the Newton iteration (21) with an initialization determined
from the functional Padé approximants (10) for each of the steady flow solutions as 𝜀 becomes
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20 of 24 LANE and AKERS

F IGURE 8 Four distinct steady fluid solvers are arranged top to bottom from most computationally
expensive to least computationally expensive. The x-axis describes the range of intensity parameter 𝜀 for which
each steady solver can resolve solutions. The Padé–Newton method offers a several orders of magnitude increase
in computable 𝜀 forcing when compared to alternative methods.

F IGURE 9 Each panel depicts the two-dimensional temperature fluctuation (in degrees K) and streamlines
for 𝜀 = 1

100
, 𝜀 = 1

10
, 𝜀 = 1, and 𝜀 = 10. These steady solutions were computed via the Padé–Newton method.
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LANE and AKERS 21 of 24

F IGURE 10 Each panel depicts the two-dimensional vorticity for 𝜀 = 1

100
, 𝜀 = 1

10
, 𝜀 = 1, and 𝜀 = 10. These

steady solutions were computed via the Padé–Newton method.

large. We fix the simulation parameters to be the same from Section 3 and to represent air at
standard laboratory conditions, with reference temperature 𝜏0 = 300 K, convective length scale
𝑤0 = 1 cm, domain length 𝐿 = 4 cm, velocity scale𝑈 = 1 cm/s, and intrinsic flow parameters Re
= 6.67, Pe = 5, Ri = 981. We choose 𝜀 = 1 to represent the high amplitude case. The functional
Padé approximants use 𝑁 = 25,𝑀 = 24.
TheNewton iteration converges, and thus the functional Padé approximant provides a good ini-

tial guess for the steady flow solutions in the high amplitude regime. Figures 9 and 10 provide the
temperature fluctuation, streamlines, and vorticity field as determined from the Newton iteration
at four separate 𝜀 values.
We find that the Padé–Newton iteration allows for the simulation of 𝜀 values up to four orders

of magnitude larger than the fixed-point method.10,19 Vortex cores emerge in the flow as 𝜀 varies,
where 𝜀 = 0.2 and 𝜀 = 5 represent critical values in which new stagnation points are created in
the flow. For the laser applications thatmotivate this work, the large gradients in the flow near the
boundary for 𝜀 = 10 are unexpected, which suggests that additional modeling of the temperature
boundary condition would be of value.9–11
Although existence and uniqueness results exist for small 𝜀,19 the existence of other steady solu-

tions for theBoussinesq equations for large intensity parameter is unknown. If there are additional
steady solutions different from those found in Figures 9 and 10, then the choice of initialization
may play a critical role in the convergence of the Newton method. Further, numerical continua-
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22 of 24 LANE and AKERS

tion methods may be applied to find steady solutions at even higher intensity forcing or to arrive
at an alternate steady state from the one determined by the Padé–Newton method.

7 CONCLUSIONS

The premise of this work was centered around the representation of steady solutions to the two-
dimensional Boussinesq equations with internal forcing. The steady flow solutions are analytic in
the intensity parameter 𝜀, which produces a region of convergence through a Stokes expansion for
small 𝜀. In pursuit of finding steady solutions for larger 𝜀 values, functional Padé approximation
was utilized to approximate the flow solutions over the two-dimensional domain. These represen-
tations proved useful for estimating the complex plane singularities in the true flow solutions, and
can be used as a good approximation for moderate intensities outside the domain of convergence
of the Stokes expansion. For larger 𝜀 values, the functional Padé approximant can be used as an
initialization to a Newton iteration. The advantages of this hybrid approach include the ability
to store Padé coefficients for a given fluid domain and the acceleration of converge of the New-
ton solver, as compared tomodern numerical continuation techniques.With the establishment of
this Padé–Newton method, one can, for example, use the high-intensity flow solutions in simula-
tions of paraxial laser propagation.9,10 Future research efforts should focus on the determination of
proper boundary conditions, the validity of the Boussinesqmodel at high forcing intensities,49 the
relationship of flow properties with domain size, and the existence and computation of alternative
steady-state flow solutions.
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