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Abstract

Resonant periodic traveling waves (Wilton ripples) are examined asymptotically for
a family of weakly nonlinear partial differential equations. Wilton ripple resonances
can occur between pairs of wavenumbers, here labeled k = 1 and N. Typical studies
consider N = 2, the triad resonance, but this work examines N > 2, denoted “high-
order resonance.” We present explicit formulas for the coefficients in the asymptotic
series expansions and answer previously unaddressed questions including what modes
are present at each order in the asymptotic expansion and at what order we can expect
anon-zero Wilton ripple. The character of the solutions is presented using the example
of the Kawahara equation. Finally, we comment on the factors which are indicative of
convergence for the asymptotic expansions, and present an example where the series
degenerates in the Benjamin equation.

Mathematics Subject Classification Resonant periodic travelling waves - Wilton
ripples - Weakly nonlinear water waves - Asymptotic series solutions - Perturbation
series

1 Introduction

This work analyzes resonant Wilton ripple solutions [1] to a family of weakly nonlinear
dispersive partial differential equations, based on the method developed in [2]. Wilton
ripples are branches of traveling waves which, at small amplitudes, are composed
of two co-propagating harmonics [3], see Fig. 1 for an example of a ripple between
wavenumbers k = 1 and k = 2. In the water wave problem, Wilton ripples exist
at special values of the surface tension coefficient; these special values are those
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Fig. 1 An example of a Wilton ripples for a resonance between modes k = 1 and k = 2 given by the
expression n(x) = cos(x) + % cos(2x) with the positive sign shown on the left plot and the negative sign
plotted on the right plot

for which the flat-state linearization has two-dimensional kernel. Wilton ripples have
a significant history of study, beginning with asymptotic work [1, 4-7], including
numerical computations [2, 8—11], and experiments [12—14]. Wilton ripples have been
rigorously shown to exist in the water wave problem [15] and in approximate models
[16, 17]. The local and global bifurcation structure has been studied in potential flow,
the hydro-elastic problem, and in approximate models [ 18—21]. Historical studies focus
on the triad ripple, between wavenumbers k = 1 and k = 2 (see Fig. 1), as they require
alower order expansion in the small parameter, meaning the asymptotics are less work
to calculate and they also have more physical relevance as these resonances are larger
in amplitude; in this work, we develop the general-order asymptotics for higher-order
resonances, k = 1 and k = N for N > 2. These asymptotics are used to write a
numerical method, as in [2]. They are also a necessary building block for a future
extension of the existence and analyticity proofs in [16] to higher-order resonances.

In constructing the asymptotic solutions, we must consider the spectrum of the
operator admitting traveling wave solutions as done in [22, 23]. In particular, the
resonant waves we consider here are reminiscent of the form of instabilities examined
in [24-26] for an operator perturbed about a traveling wave solution near eigenvalue
collisions. Here, we present results on Wilton ripples where the resonant frequencies
have large frequency differences and are restricted to integer values (therefore a period
of 2mr) whereas [11, 27-29] consider perturbations of any period. It should be noted
that while we chose to fix the period and expand in terms of wave amplitude, there
are other works that do an expansion in terms of period [20] or even consider quasi-
periodic waves [30].

The family of partial derivative equations (PDEs) considered is

u; — Luy + (u?), =0, where x € [0, 27] (1)
as in [2, 17]. Moving to a traveling frame,

u(x,t) - f(x+ct),
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Table 1 Fourier symbols E(k), resonant coefficient o and linear speed c( for the models represented by
(1) where the linear operator allows waves with co-propagating frequencies

Model Lk) a <o
Kawahara k2 — okt 1 N2
NZ+1 NZ+1
Benjamin k| — otk N1+1 NLH
Akers-Milewski ﬁ + alk] X Nl
Deep-water Whitham ﬁ + alk| % %

. T .3 1 N34+N24N—1
Hydroelastic VT el NIINZEN NILNZAN

then (1) becomes
cfx = Lfx+(fHx =0. @
This equation can be integrated once with respect to x
[c—L1f + f* =0, 3)

which will be the form of the equation studied in this paper. The mean of f in (2)
can be absorbed into the definition of ¢, and is here set to zero, as is any constant of
integration in (3). R

The operator L is defined via its Fourier symbol £(k) which is assumed to be real
and multiplicative. This restriction includes many important equations, see examples in
Table 1, where L is given for a few commonly used models of water waves. We believe
any linear operator L that is real (to allow for traveling waves) and non-monotonic
(to allow for co-propagating ripples) could be used. In each example, a parameter «
is chosen to allow for resonance between frequencies k = 1 and k = N, where the
operator, [c — L], has a two dimensional kernel. Infinitesimal, linear solutions to (3)
are then any element of this kernel, span(cos x, cos Nx). Linear theory also predicts
that these waves travel at the phase speed, cp = Ly 1) = L (N). Wilton ripples are the
nonlinear solutions which bifurcate from the flat state at this phase speed. The values
of ¢y and resonant coefficient o where ripples exist in each equation are also given in
Table 1.

In this work, we show how to construct an asymptotic series solution for models
describing water waves described by the PDEs in (1) assuming a small amplitude,
periodic, traveling wave solution in the presence of resonance with parameters shown
in Table 1. In Sect. 2, we introduce the method using the specific case for resonance at
N = 3in the Kawahara model. In Sect. 3, we generalize our findings for the Kawahara
model, and derive recursive formulas for the higher-order coefficients. N > 4 is
considered in Sect. 4, where we consider the first three orders explicitly, then obtain
recursive formulas similar to those found in Sect. 3. Additionally, this section includes
theorems that give insight to which modes are present at which order of the small
amplitude parameter. In Sect. 5, we highlight the presence of a common divisor which
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appears when solving for the coefficient of the resonant mode at each order, and discuss
its impact on the radius of convergence of our asymptotic solutions. Finally, we present
our conclusions and future directions in Sect. 6.

2 The Kawahara Equation N = 3

To demonstrate the method, we illustrate using the Kawahara equation with N = 3.
Generalizations to other choices of £ and N are to be discussed in later sections. The

Kawahara equation is given by E(k) =k* - Nzl 1 k*, and thus for this specific case,

N 1
Lk) = k*> — —k*,
(k) 0

~ 9
co=L(1) = 1o

We begin by defining R[f] = [L — ¢o]f, and equivalently

~ ~ 1 9
Rk) = LKk) —co=k> — —k* — —, 4
(k) (k) —co 0 0 4)
such that 7’3\(1) = ﬁ(S) = (. With this definition, (3) may be expressed as
RIf1=(c—cof + f*. Q)

The function f and the speed correction ¢ — ¢g are expanded asymptotically as
f:ef1+(9(€2), c—co=s=0(e).

As both f and s are first order in €, the right-hand side of (5) is second order in €,
and thus

RIfi]l = 0.
This requires that f; must be contained within the kernel of R, or
f1 = cos(x) + by cos(3x). (6)
In principle, any linear combination of cos(x) and cos(3x) are permitted, though € can

be redefined to normalize the coefficient of cos(x) to one. The modes in the solution
will be denoted ¢,, = cos(mx), with inner product

2

(Dms Pn) = ) O (X)), (x)dx = JT(Sm’n, @)

where §,, , is the Kronecker delta function.
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To obtain the higher-order components of f and s, we further expand f as

) =€efi+Bxie)+ Fx:e), ®)
B(x;€) =) €"By(x) =y €"bugs, ©)
n=2 n=2
Fxje) =Y " Fy(x)=Y € > Burt, (10)
n=2 n=2 /2;%

where B (x; €) contains higher-order components of the resonant mode ¢3, and F (x; €)
contains higher-order components of all modes orthogonal to the null space of R. As
there are no other components of ¢, the parameter € can be associated with the
magnitude of the first mode. We also add the transformation

o0
szc—c0=Zensn. (11)
n=1
In terms of the modes, an angle-addition formula for cosine takes the form,

1
¢m¢n = 5 (¢m—n + ¢m+n) . (12)

Remark 1If we let n = m in the above, then we get the usual identity for the square of
a cosine

B =5 @0+ ga) = 5 (1
m_2 0 Zm)—z( +¢2m)»

where ¢g = cos(0) = 1.

Using the expansion in the small parameter given by (8)—(11) in (5), yields

RIfI = f(s+ ) (13)
RIFI=(efi+ B+ F)s+efi+B+F)
=(eshi + ) +lQefi+ 0B+ P+ {BHF2) as

where terms of O(e2), O(e?), and O(e*) have been separated by curly brackets.
Further expansion of (14) gives

RIF2] = 7 + 511, (15)
n—2

RIF,] = Sn—lfl + (2f1 +51)(Bp—1 + Fu—1) + Z(Sn—l + Fo—i + Bu—1)(F; + By).
=2

(16)
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At O(€™), n > 2, the unknowns are the function F), and the constants, s,,_ and b,,_».
To determine each of the constants, one may appeal to solvability conditions,

(RIFy), ¢1) =0, a7
(RIFy). ¢3) = 0. (18)

These conditions force the right hand side of (16) to be in the range of the operator R.
We note that these solvability conditions are due to the Fredholm alternative [31] and
formally should contain the adjoint eigenfunctions. However, due to the fact that the
operator is self-adjoint and it can be shown that solutions to these model equations are
real and symmetric, instead of considering an expansion in the form of e//* and e ="/~
we simply use ¢; = cos(jx). Once the solvability conditions have been applied, the
operator R may be inverted over its range, giving

(RI[Fnl, ¢)

n,j = = . 19
Pr.i 7R(j) 19

where B, ; represents the coefficient of ¢; at O(€").
The general process for solving at each order is as follows:

1. Determine R[F;] using (15) for n = 2 or (16) for all other n.

2. Utilize the solvability conditions (17) and (18) to generate two equations which
are used to solve for 5,1 and b,,_>.

3. Substitute the values obtained for s,_; and b,_» into the equation obtained for
RIF,].

4. Utilize (19) to determine the values of each 8, ;.

5. Proceed to next order.

Step 1 with n = 2 can be done using (6) in (15) alongside cosine identity (12), to
obtain

1 1
RIF2] = 5191 + (5 + bl) @2 + 510193 + b1ps + Eb%% (20)

in the case N = 3.
Substituting (20) into our solvability conditions, we arrive at

(RIF2], ¢1) = 7s1 =0,
(RIF2], ¢3) = ms1by =0,

which is satisfied by 51 = 0, leaving b arbitrary. We substitute this result into (20) to
obtain

1 1
RIF2) = 5 + biga + bigs + 5b%¢6.
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The coefficients of the solution F, can be written explicitly as,

by 1 (1+b>_1+2b bi b2,
2,2 = R(Z) 1 —3 3 1, 2,4 = R(4) 21 1,
by 1,

= — = —b s
P6= %0 = 1800

where (4) has been used in the final equalities on each line.
We may now proceed to the next order (O(€?)), and we use (16) and the form of
F> found above to write the solvability conditions (17) and (18) as

(RLF3), ¢1) = 7 (s2 4 Bo2 + b1B22 + b1Bra) =0,
(RLF3], ¢3) = 7 (s2b1 + Bo2 + Bo.a + b1Bas) =O.

Substituting in the formulas for each B gives the system of equations

+ ! + 3 b+( ! + ! >b2 +1+b +4b2 0 (1)
Ay = = = = =¥ - = =0,
TR 2R T\ R T RW) TRy

#.}.( + 1 +L>b +<L)b3_l+<s +4)b Lb3_0
wmo)  \PTRo TRe) T GRe )T T3 T\ "7 189
(22)

As the above is cubic in by, it has three possible solution branches. For the Kawahara
equation with N = 3, each solution branch is real, and thus each branch is physically
significant. The three branches are given by

b1 =0.59468, s, = —1.13,
by = —0.54488, s, =0.042,
by = —1.78374, s, = —0.368.

Each solution pair represents a branch of solutions which bifurcates from the single
branch at ¢ = ¢p = %. The wave profile for each solution is depicted in Fig. 2 for
€ = 0.1, computed up to O(€°).

Note that the values of 22, B2.4 and B2 will depend on the choice of by, and
so too will all other higher-order coefficients. Taking the first solution from above,
b1 = 0.59468 and s, = —1.13, we find the following values for the coefficients in F3

g2 2 bk 2,
32 = 22 3 2, P34 = @~ 2 25
b bib
pos = 22t Prat oo __gg5.107, pyo= 222 (62910 )b,
R(5) R(6)
b b
prg= P24t P20 g5 074 gy = PP 03006,

R(7) RO
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Fig. 2 A solution with amplitude ¢ = 0.1 from each of the three branches of solutions for Wilton ripples
with N =3

Note that the coefficients of b, in 83> and B3 4 are the same as the coefficients of b
in B22 and B2 4. At this point, we could proceed to 0(64) and beyond; however, this
simply involves repeating the steps which have been shown for O(e?) and O(e?). As
such, we seek to generalize our findings in the next section.

3 General Solution for Resonanceat N = 3

For other choices of £ with N = 3, the only change from the Kawahara version is the
form of R. Therefore, for a general £ with N = 3, we find s; =0,

ﬂ_1<1+b>ﬁ_b] ﬁ_b%
2,2—7/5(2) ) | 2,4—73(4), 2’6_273(6)’

and

b? =0, (23)

2+ —= + 3 b1+<A1 +A1 >
2R(2)  2R(2) RQ) R&)
%+<sz+;+;)bl+<%>b%=o. (24)
2R(2) RQ) R4 2R(6)

This system can be reduced to a single cubic for the parameter b, thus three solutions
are guaranteed. The exact values of these solutions depend on the choice of £. Of
course, not all those solutions need be real, but for all models in Table 1, there are
three real solutions. The rest of the asymptotics will be developed in terms of s, and
b1. The coefficients of the modes in F3 can then be calculated as in Sect. 2,

Bin = by Bas = by Bas = b1Brp + Bra+ Bae

3, 7’?\,(2)’ 3, ﬁ(4)7 3,5 7’€(5) 9
_ bib _bipra+pPos __biprs
ﬂ3,6 = 7’?\,(6)’ ,83,7 = 7{\;,(7) s .33,9 = 7’?\,(9) .
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Proceeding to O(e*) and beyond, we use (19) to derive the general formula for 3,,. j

1
Bn.j = 7RG )<(5]2+814)bn 1+8j.6b1bp—1+ (1 —8j2—3854)Bu-1,j-1
+(1 =82 Bn—1,j+1 + b1 ((1 = 8j2 — 8j.4 — 8;,6)Bu—1,j—3 + Bu—1,j+3)
n—2
+ Z(Sn—lﬁz,j + bp—i ((1 = 81j=31,1 — 8j.6)B1.1j—31 + Br.j+3)
=2

o
+ Zﬁn—z,k((l — Slk—jI.1 = 8k.j — Sk—j1.3)BLik—j| + Bra+j) + 5;,6bn—zbl))-
2
(25)

Note that if j is 2, 4, or 6, then B, ; will depend on b, 1, which will be unknown
when solving for B, ;, as b,_ is the unknown at n-th order. This can be seen in the b,
dependence of formulas for 832, 3.4, and B3 ¢ above. Thus, we make the following
definitions

blbn 1

by— by—
/Sn,Z R(2) +:8n 2 ﬂn,4 R(4) +ﬂn 45 ﬂn 6 = R(6) +ﬂn,6'

Each f contains all the terms from its respective coefficient except the ones which
depend on b,,_1.
The solvability condition (17) becomes

n—2

Sn—1+b1(Bu—12+ Brn-1,4) + Bu-12+ Z(bl (Ba—1,2 + Bu-1.4)

=2

1
+ Z E,Bn—l,k((l — 8k,4) B k—1 + ﬂz,k+1)> =0,

k=4

where the sum over k starts from 4 instead of 2 because ,—; 2 would be paired with
B1.1 and B; 3, neither of which exist. However, 8,12 and 8,—1.4 depend on b,_>, and
so the E substitutions are made. Additionally, b,_2(B2,2 4+ B2.4) are extracted from
the sum. This leaves

sno1 + b2 (20 (ﬁzz) + ﬁi@) " 27%3(2))
n—3

(bl(ﬂn 124 Buo1,4) + Bae 12+Z( (Bu-12+ Bu— l4)>
=2

n—-2 oo

+ (Z

=2 k=4

—_

Bota((1 = 8Bt + Bricen)))- (26)
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Proceeding to the solvability condition (18), it becomes

bisp—1+ Bu—12+ Bn-14+b1Bu-16

n—2
+Z(Sn 1bi + b1 B 16+Z =Btk (1 = 8c=31,1 — 8k.6)Br.k— 3+,Blk+3)> 0.
=2 Pl

k£3

As was done with (26), B substitutions are made, and the terms b,_»s, and by_2p2,6 are
separated from the sum. This gives a final form of (18) as

37 1 , )
(Sz 2R(6) + 73(2) + ﬁ(4)) n—2 + b1sp—1
n-3
= _(En—l.Z +Bu1a+b1Bu16+ Z(bz (Sn—t + ﬂn—l,é))
=2
n—2 oo 1
+ (Z

=2 k=2
k#3

= Br—1.k((1 = 83,1 — 8k.6)Br.1k—31 + B, k+3))) (27)

Expressions (26)—(27) give the solvability conditions from which s,,_ and b, _; are deter-
mined. These values, together with (25), give all the unknown coefficients to construct a
solution for N = 3. The solvability conditions are linear in the unknown parameters in
b,,_» and s,_1, and of the form

3} 1 1
2t 376 TR T R® b (b” 2) n. (28)
L 3 Sn—1
! <2b‘ (Ra) + R(4)) + 272(2)) "

For the model equations examined in this work shown in Table 1, the above matrix is
invertible, thus we have formal existence of the perturbation series to all orders.

4 Solution for Resonance at N > 4

In this section the solution for N > 4 is presented. The solution takes the same form for
all N > 4; each value of N need not be treated separately in this range. While the method
is the same as for N = 3, there are some key differences which must be addressed.

Naturally, we must change all instances of ¢3 to ¢y, as the condition for resonance is
now 7%(1) = ﬁ(N) = 0 instead of ﬁ(]) = 7’5(3) = 0. This transforms fi, B, and F
(Egs. (6), (9), and (10), respectively) like so

f1 = cos(x) 4+ cos(Nx), (29)

B(x;¢e) = Z "B, = Ze”bnq’w, (30)
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F;e) =Y e"Fy=Y € > Bui, 31)

n=2 n=2 k=2
k#N

and the solvability conditions (17) and (18) to

(RIFnl, ¢1) =0, (32)
(R[Fu], ¢n) = 0. (33)

The form of s given in (11) stays the same, as well as the forms of R[F>] and R[F; ] given

in (15) and (16).
Starting with O(€?), and using (15), we find

1 1
RIF2] = 5161 + 562 + by + 511y + D141 + Eb%m. (34)

The above equation is what leads to the distinction between N = 3and N > 4. For N = 3,
the ¢, term shares a wavenumber with the ¢ _1 term, producing (20). This changes the
forms of the solutions compared to N > 4.

Substituting (34) into the solvability conditions (32) and (33) gives

(RLF2], ¢1) = sy =0,
(RLF2], ¢n) = s1by = 0.

The solution is s; = 0, with by arbitrary, just like with N = 3. Substituting this back into
(34) gives

1 1
RIF] = 5(}52 +b1dn_1 +b1oNs1 + Ebftﬁmv-

The coefficients of the solution F; can be written explicitly as,

| by
ﬂz’z_zﬁ(z)’ ,32,N—1—7/€(N_1),

Prvi = = =
ENHERINF D PPN T RNy

These results are identical to those produced for N = 3, excepting that 822 and B2 v—1
no longer correspond to the same wavenumber.

Proceeding to the next order (0(63)), we use (16) and the form of F, found above to
write the solvability conditions (32) and (33) as

(RIF3), ¢1) =7 (s2+ P22 + b1an—1 + biBon+1) =0,
(RLF3), ¢n) = 7 (s2b1 + Bo.n—1 + Bon+1 + D1B2on) = 0.
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Substituting in the formulas for each B gives the system of equations

| I 1 )
2t re " (ﬁ(zv— h RN+ 1)>b1 =0 (35)

1 1 1 -
(” TRV TR+ 1)) it (m) =0 (30)

As the above is cubic in by, it has three possible solutions, as with N = 3. Regardless
of the model, by = 0 and s, = —1 /2ﬁ(2) is a solution. For the operators in Table 1,
the other solutions are imaginary and are not considered in this work. The conditions
required to produce non-zero real values of by are discussed in Sect. 6. Using b; = 0 and
sy = —1/2ﬁ(2), the remaining part of R[F3] is

RIF3] = Bro¢3 + b2pn—1 + bapn 1.
Therefore, the non-resonant coefficients at 0(63 ) are

B2 1 by by

P3=%26 " ®ore PV TR - P TRy

Note that, for N = 4, 33 = B3,n—1 = P22/R(3) + by/R(N — 1), which leads to by
being the first non-zero resonant mode coefficient for N = 4.

The unknowns at O(e") are s,,—1, b,—>, and the function F,,, and we now proceed to
calculate their general form. Using R[F,,] given by (16) with the solvability conditions for
sp—1 and b, and (19) for each B, ; yields

n—=2

((Sn—lfl +Qfi+s)By-1+ Fu—1) + Z(Sn—l + Fu—1 + By—1)(F1 + By), (b]))
=2
1
= m((snflf]v(l’ﬂ + 2f1Bu—1,9;) + 2f1Fu—1, $j) + (s1Bu—1, ¢j) + (s1Fu—1, b))+
n—=2

Z((Sn—lFls @)+ (sn—1Bi, @) + (Fu—i1 F1, ¢j) + 2(Fu—1Br, ) + (Bu—1 By, ¢j))>-
=

1

.Bn,j = m

(37)

Using the expressions in (11), (29), (30) and (31), which give the representation of the
unknowns as a series in €, we find the general form of 8, ; as

1
Bn.j = ﬁ]) Gjn—1+8N+1Dbp—1+ (1 =82 =38 N+1)Bn—1,j—1 + (1 =8 N—1)Bn—1.j+1

(8}

n—

o0
1
+ Sn—1P1,j + Z Eﬂnfl‘k <(1 = 8k, j — Oj—ji,1 — S1k—jI,N)Brjk—j1 +(1 — 8k+j,N)ﬂ1‘k+j)
I k=2,
kAN

Il
S}
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1
+b; <(1 —&8j=N|,1 — 87 2N)Bn—1,1j-N| + ﬁn—l‘j+N) +38jon Ebn—lbl . (38)

Note that (38) for j = N £ 1 contains b,_, which we do not yet have at this order. This
implies that 8,_1, y—1 and B,—1 n+1, the coefficients neighboring the resonant mode at
previous order, will depend on b,,_», the unknown at O(¢"). Thus, we define

n—2
BuN—1 = RN_D by_1+ Bu—1n—2+ ; Sn—1BI,N—1 +bi1Bu—12N—-1
o0
1
+ Z 5Ptk ((1 — Ok, N—1 — Sk, N—2 — Sk aN—DBLIk—N+1] + ,31,k+N71>
k=2,
k£N
bn—l -
= =+ _ 39
AN 1) Bn,n-1 (39)
and
n—2
== | b,_1 + B, =+ Sp— +b _
Bn,N+1 AN | Bn—1,N+2 2 n—1B1,N+1 + biBu—12n+1

o0
1
+ Z Elgn—l,k ((1 — 8k, N+1 — Sk, N+2 — Sk 2N+ DB k—N—1] + ﬁz,k+N+1>

k=2,
k#N

bn—] -
= 4 , 40
R(N+1) ﬂn,N+] ( )
where we introduced 8,,_, _N+1, analogous to the B introduced for the solution with N = 3.
Proceeding to the first solvability condition (32), and again substituting (11), (29), (30),
(31), and (16), we obtain an equation which may be rearranged to give the corrections to
the wave speed

n—2

sn—1=—| Bn—12+ Z bi(Bu—ti,N—1 + Bui,N+1)

=2

o0
1
+y Eﬁnfl,k((l — 82 = SkN+D)BLk-1 + (L= 8 n—DBrat1) | |- (4D

k=2,
k#AN
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and doing so for the second solvability condition (33) gives the coefficients of the resonant
mode

1 n—3
by = 5 <ﬂn1,N1 + Bn—1t,N+1 + Z(bl (sn—1 + ﬂn1,2N)>

=2
n—2 00 1
+Z Z E,anl,k (= 8Nk, DBLIN=k + Bin+k)) | - (42)
=2 | =2
K£N

As (42) contains B,—1,v—1 and B,—1,n+1, Which depend on b,,_», the B substitutions given

by (40) and (40) must be made. Using these as well as s = _ﬁ%v b,_o can be isolated
as
( : : 1 )l’ =—|8 +B
RQ2) RIN—-1) RWN+1) 27 n—I.N—1 T Bni N+1
n—3 n—2 o0 1
+ E (bi(Sn—1 + Bu—1.2n)) + Z Eﬂn—l,k((l — 8\N—k),)BLIN—=k| + BLN+k)
=2 = 15;2

(43)

Equations (38), (41) and (43) represent recursive relations which can be used to calculate
the correction to the wave speed and the Fourier coefficients at O(¢"). These expressions
can be further simplified by invoking the following theorem:

Theorem 1 Assuming the series expansion seen in (29)—(31) for an asymptotic solution to
Eq. (3) with a quadratic nonlinearity, for k, m € Z, we have the following dichotomy

e at odd order in the small parameter, O (€% the functions Fypy1, Bor41 contain
only modes with odd wavenumber, ¢om,+1,

e at even order in the small parameter, O(EZk), the functions F»y, By contain only
modes with even wavenumber, ¢o,.

Below we outline the proof, which can be done by strong induction directly from
formulas (38), (41) and (42) with the details in Appendix B. This pattern arises due to
quadratic nonlinearity giving the cosine identity (12). We know the modes at O(e") are
produced by multiplication of the solution at O(e™) and O(¢"~™) V. m < n, and they
are the sums and differences of the modes at those orders. Alongside the initial condition
f1 = ¢1 (or f1 = @1 + b1¢3 in the case of N = 3), which obeys Theorem 1, this can be
used as a base case for an induction proof using the following reasoning:

e If n is even, then m and n — m have the same parity. Assuming that both O(e™) and
O(€"™™) obey Theorem 1, the modes present at these orders will also have the same
parity. Thus the sums and differences of the modes will be even, and only even modes
will be found at O(e").
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e If n is odd, then m and n — m have different parities. Assuming that both O (™) and
O(e"™™) obey Theorem 1, the modes present at these orders will also have different
parities. Thus, the sums and differences of the modes will be odd, and only odd modes
will be found at O(€").

Through similar logic, we may also make a statement about the maximal wavenumber in
the support of the corrections in (10):

Theorem 2 For the function F,, the O(e™) correction to a ripple with resonant mode
N > 3, the largest k for which ¢i has a non-zero coefficient is

KN(n):n—i-Zﬂoor(ﬁ):n+2LNi2J. (44)

Figure 3 gives a graphical representation of Theorem 2. Similar to the previous proof,
this one can also be done by strong induction. While the details are included in Appendix B,
we proceed to outline the proof here. Typically, as order » is increased, the largest non-zero
mode k included in the Stokes expansion represented by (31) also increases by 1. However,
at orders which are multiples of N — 2, the highest non-zero mode is increased by 3, where
we refer to the extra 2 modes as a boost. The first boost arises because at O(e™) we solve
for a non-zero coefficient of ¢ for the first time. However, the unknown coefficient of ¢
at this order is by _», and thus at O(EN ’2) the highest mode is ¢ . All subsequent boosts
then occur at multiples of N — 2.

We note that the correction to the wave speed s, can be thought of as the coefficient
of the zeroth mode as ¢9 = 1. As such, it will also follow Theorem 1, meaning that s,,_|
will only be non-zero if n is odd, i.e., when n — 1 is even, leading to the following lemma

Lemma 3 The corrections to the wave speed c¢ contain only even powers of the small
parameter €, i.e., sox+1 = 0 and therefore

o0
c=co+ Z sy, (45)
n=1

Similarly, b,,_» is solved for using the second solvability condition (33), which considers
the N-th mode, and so may only be non-zero when n and N have the same parity, which
is also when n — 2 and N have the same parity. Applying Theorem 1 results in:

Lemma4 For resonance occurring at an odd integer N, the resonant mode ¢y will only
be present at odd orders of the small parameter € (i.e., bo; = 0). For resonance occurring
at an even integer N, the resonant mode ¢y will only be present at even powers of the
small parameter € (i.e., byt = 0).

Whereas using Theorem 2 to understand when ¢y firstappears (i.e., by solving K y (n) =
N for n), results in:

Lemma5 When the Wilton ripple is at mode N, the first non-zero coefficient for ¢y is
found at O@EN2), and is given by by_».
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Fig. 3 Graphical representation of the dependence on largest non-zero mode m on the order of the small
parameter n obtained from the general formulas (38) for resonances at N = 3, 4, 5, 6 confirming Theorem 2.
These plots show a linear dependence unless 7 is divisible by N — 2, at which point there is a boost of 2 in
the number of modes needed to capture the series solution

Q versus N for Kawahara Equation
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(a) Kawahara equation, N =4 to 1000. (b) Kawahara equation, N =4 to 10.

Fig. 4 The zoomed out (a) and zoomed in (b) plots of the common divisor €2(N) seen in (46) for the
Kawahara equation. For N = 4, it is close to zero, but in the limit N — oo, it approaches —1/6
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(a) Benjamin equation, N = 4 to 1000. (b) Benjamin equation, N = 4 to 10.

Fig. 5 The zoomed out (a) and zoomed in (b) plots of the common divisor 2(N) seen in (46) for the
Benjamin equation. For N = 4, it is exactly zero, but in the limit N — oo, it approaches —1/2
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(a) Deep-water Whitham equation, N = 4 to 1000. (b) Deep-water Whitham equation, N = 4 to 10.

Fig. 6 The zoomed out (a) and zoomed in (b) plots of the common divisor Q2(N) seen in (46) for the
deep-water Whitham equation. In the limit N — oo, Q(N) ~ 2.707

5 Common Divisor

An important feature identified here is the recurring divisor in (43). It was shown that
at every order, the unknown b, _» has a coefficient of

1 1 1
XR2) R(N—-1) RN+

Q(N) = (46)

This coefficient is fixed once N and £ have been chosen. For some choices of £, the
recurring divisor 2 (N) in (46) can get very small. Different Q2 (N) are depicted in Figs. 4,
5, 6 and 7 for each value of N from 4 to 1000 in (a) and 4 to 10 in (b) for each £ given by
equations see in Table 1. One special case is the value of €2 for the Benjamin equation seen
in Fig. 5 at N = 4, which is exactly 0, leading to a failure of the solution method; when
2 = 0 the series does not exist even formally. Another interesting case is the Kawahara
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Fig. 7 The zoomed out (a) and zoomed in (b) plots of the common divisor Q(N) seen in (46) for the
hydroelastic equation. In the limit N — oo, Q(N) ~ 1.374
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Fig.8 The L2-norm of the O(e™) correction, || Fy, (x) + By (x)||2, for the Kawahara equation with N = 4
(left), N = 5 (center), and N = 6 (right)

equation with N = 4, shown in Fig. 4, where Q2 gets close to 0, which reduces the radius
of convergence for the asymptotic series (explored further in Sect. 5.1).

For the other linear operators in Table 1, €2 does not get particularly close to O for any
N.As N — oo, 2 approaches 1/6 for the Kawahara equation, —1/2 for the Benjamin
equation, (3 — +/2)/(2 — v/2) 2 2.707 for the deep-water Whitham equation, and (1 +
\/E)/(6 — 34/2) &~ 1.374 for the hydroelastic equation, as shown in Figs. 4, 5, 6 and 7,
respectively. For the Akers—Milewski equation, €2 is 1 for all values of N.

5.1 Example: The Kawahara Equation N > 4

As discussed above, the recurring divisor (46) for the Kawahara equation with N = 4
is small, which means the method produces accurate solutions for a much smaller range of
€ than the equations with different values of N or different choices of L. Figure 8 depicts
the L2-norms of F,, + B, (i.e., the solution at O(e")) versus n for the Kawahara equation
with N = 4, 5 and 6 where n goes from 1 to 20. In order for the solution to converge, as n
increases, € must decrease faster than the coefficients of the solution at O(¢") increase.
Since Fig. 8 is semilog in y, the slope of the LZ-norm with respect to n must be less than
|logjo(€)| to have convergence. The Kawahara solutions for N = 5 and N = 6 have
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using truncated solutions, the error will be greater for larger €. However, for N = 4, the
coefficients grow quickly, with the slope of the line of best fit being approximately 1.787.
Thus, the solution is only valid when € < 10~1787 = 0.0163, which is a relatively small
radius of convergence. Figure 9 shows sample solutions for N = 4,5, 6 with different
€ =0.01, 0.1, 0.5. We see that when N = 4, for values of ¢ = 0.1, 0.5 which are outside
of the radius of convergence, the amplitude of the solution gets very large and the ripples
take over the main cosine-like profile. Comparatively, the solutions for N =5and N = 6
converge for all values of €, and in fact converge for even larger values of € than those
shown. This highlights the effect of a small recurring divisor in (46) on the radius of
convergence.

In the work by Akers and Nicholls [17], similar models were examined for the case of
resonance at N = 2 and two model features were evaluated as predictors of convergence
rates. The first was the spectral gap, defined as the smallest difference between the value
of the linear operator for the first mode and any other non-resonant mode, or rather the
smallest value of ﬁ(k), ie.,

slopes less than or equal to 0, so they are valid for all ¢ < 1, though of course when

min |£(k) — £(1)| = min |R(k)].
k>2 k>2
k#N k#N

ﬁ(k) is the divisor when solving for B, x, and so the spectral gap acts as a lower bound on
the magnitude of that divisor. Thus, one might expect larger spectral gaps to contribute to
convergence rates. The second feature was the limiting behavior of the linear operator at
infinity; operators with faster growth at infinity are more smoothing when inverted. Neither
was observed to be completely predictive.

For the Kawahara with N = 4, both the spectral gap (= 2.11) and the high frequency
asymptotic (O(k*)), are fairly large [17] when compared to the same parameters for the
other models. This suggests that they are not what is leading to the small radius of conver-
gence that is seen in this work, and instead the small recurring divisor €2 seems to be a better
indicator. We conjecture that the recurring divisor €2 should be considered alongside the
spectral gap and the high frequency asymptotic when estimating the radius of convergence.

6 Conclusion and Future Work

In this work, we examined asymptotic solutions to nonlinear, dispersive equations given
by (1) with the linear operators shown in Table 1. Considering periodic traveling wave
solutions, we simplified the PDE and wrote it in the form of (3). The specific case of the
Kawahara model with N = 3 was considered in Sect. 2 to present the solution method.
The first three orders were solved using the representation shown in (8), with the first-
order solution given by (6), higher-order resonances contained in (9), and the wavespeed
correction given by (11). In Sect. 3, the findings of Sect. 2 were extended to any model,
though still for N = 3, and this generalization was used to derive recursive formulas for
the wavespeed correction and the coefficient of each mode at every order. In Sect. 4, we
considered N > 4, and again derived formulas similar to the ones found in Sect. 3. We also
presented two theorems relating to what modes are present at each order—one theorem
stating that the parity of the order matches the parity of the modes present at that order, and
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Fig.9 Periodic traveling waves with resonances at different modes with increasing amplitude of solutions
to the Kawahara equation. Solutions are taken up to 0(66). We see that due to the recurrent divisor in (46)
becoming small for N = 4, the amplitude of the solutions grow very fast as € increases, and the radius
of convergence is small. For N = 5, 6, the solutions stay bounded. We note that (d) and (g) are outside
of the radius of convergence which was calculated to be approximately 0.0163, but are included here for
illustrative purposes

another providing a formula for the highest mode present at each order. These theorems
allow us to greatly simplify the formulas found in Sect. 4, and the simplified formulas are
presented in Appendix A. One of the most important results of this work is understanding
that the first time resonance N appears with a non-zero coefficient is at order N — 2, which
is described in Lemma 5.

From previous work [1, 2], we know for k = 2, the amplitude of the resonant harmonics
are on the same order of magnitude as the main wave and these were seen in experiments
[13, 14]. The results presented in this paper show that for k = N where N > 3, the
amplitude of resonances are at order €V ~2 and for k = 3, the amplitude of the resonant
solution is an order less than that of the main wave. That means these kinds of resonances
will be much harder to find, especially given that in the present theoretical work we do not
consider dissipation that would be present in a physical setting.

As we saw, for some linear operators examined in this work in Sect. 5, a recurrent
coefficient needed to compute the resonant coefficient given by €2 in (46) can get quite
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small. While the algorithm used is effective for the majority of equations investigated in this
paper, there are linear operators where 2 = 0, in which case the method fails completely,
such as the one for the Benjamin equation when N = 4. When 2 is merely small, such as
with the Kawahara equation with N = 4, renormalization may be possible. Relating the
methodology explored here with more commonly used Lindstedt—Poincaré method [32]
could give a more formal way of exploring where certain small parameters in the problem
approach zero and secular growths appear.

Another interesting conclusion is that while the operators £ investigated in this paper
did not produce any non-zero, real solutions for b when N > 4, this is not necessarily
prohibited for the general £. Recall that by is determined from the solution for the system
of equations given by (35) and (36). Solving (35) for s, and substituting the result into (36)
produces

bl(b%(A1 S )+A1 P —,}>=O
2R2N) R(N+1) RIN-1)) RN+1) RIN-1) 2RQ)
(47)

Equating the portion inside the bracket to zero gives solutions of

1 1 1 1 1 1
=+ /| = - = - = — — - ——.
g \/(2R(2N) R(N+1) RN - 1)) (R(N TRV 272(2))
(48)

For the solution to be real, the two brackets must either be both positive or both negative.
This is clearly the case whenever m + m is between ﬁ%ﬁ and ﬁ% Finding
and exploring equations in which this condition is satisfied would be an intriguing next
step.

We note that all the results presented in this work are valid for the quadratic nonlinearity
where we used the cosine identities (12). It would also be interesting to consider equations

like (1) modified by changing only the nonlinearity, that is, equations given by
up + Luy + W)y =0, (49)

with p an integer greater than 2 to see if a recurring divisor appears or if there are analogs
to Theorems 1 and 2. In exploring model equations with higher nonlinearities, we can start
to understand what would happen for full water wave equations where the nonlinearity is
more complicated than just p = 2.

Finally, it is worth mentioning that in the very high-order limit, the Wilton ripples
examined in this work start to resemble what is referred to as “generalized solitary waves”
and have been examined in detail for both gravity-capillary waves and flexural-gravity
waves, for example in [21, 33, 34]. However, no such formal analysis of their equivalence
exists but it would be interesting to explore their relationship.
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Appendix A: Simplified Formulas

This section presents the formulas for s,—1, b,—2, and B, ; when N > 4 once Theo-
rems 1 and 2 have been applied. The original formulas are given by (41), (43), and (38),
respectively. The new formulas will depend on the parity of » and N (and j in the case
of By, ;), and thus separate formulas must be given for each parity. Fortunately, for many

combinations of parities, the coefficients are always 0.
We begin with the formula for s,,_1. If n is even (and thus n — 1 is odd), then s,,—; will
be zero. If n is odd, then the formula depends on the parity of N. For even N, we find

n=3

2
Sp—1 = —(ﬁn—l,z + Z(bzz (Bn—21.N-1 + Bn—21.n+1)
1=1

Ky @D)/2 (Ky@+1)—1)/2
t3 Y (Bua((1 = 8,0 Bu-212k-1 + Bu2i2k41) + 3 >

Pl k=
(Bai1,2k41 (1 = 82k M) Bu—2i—1,2¢ + (1 — 82k+2,N)ﬁn72l—L2k+2))>) (50)

and for odd N, we find

w

n—

7
Sp—1 = _<ﬂn71,2 + Z(bZIJrl(ﬂn—Zlfl,N—l + Bu—21—1,N+1)
I=1
Ky (D)2
+3 > (Bauan(( = Sk v 1)Bu212k—1 + (1 = S N—1)Bu—21.2k41))
k=1
| Kx@+D=D/2
+5 Z (Bais1.2k41(Bu2i—1,2k + ﬁn—2/—1,2k+2))))- (51)

k=1
k#(N=1)/2

For b, _5, the result is zero if N and n do not have the same parity. For even N and n,
the formula reduces to

n=2
2

QNYbp—2 = By v+ Baoingi + Z((l — 821,n—2)b21(Sp—21 + Bn—212N)
I=1
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Kn(@2D)/2

1
t5 Z (Bat, 2k (Bn—a1. N -2k + Bn—21.N+2k))

k=1
k#£N/2
(KyQ2I+1)=1)/2

+( = dun-2)7 >

k=1
(Bars1, 2641 (1 = 8 y—2k—1),1) Bu—21—1,|N—2k—1] + ﬂnlefl,N+2k+l)))
(52)

and for odd N and n, the formula reduces to

n=3
T

Q(N)bp—2 = By_1.n-1+Boine1 + Z((l — 8214 1.n-2)b2u 1 (Sp—21-1 + Bp—21-12N)
I=1

Kn(20)/2

+§ Z (Ba1,26 (1 = 8\n—2k1,1) Bn—21,|N—2k] + Bn—21,N+2¢))
k=1

(Ky@I+1)—1)/2
) Z (Bai+1,2k41 (Bu—2i—1,|N—2k—1] + ﬁn—21,N+2k+1)))~ (53)

k=1
kA(N—=1)/2

Finally, for B, ;, the result is zero whenever n and j have different parity. One must
also consider that 8, y+1 will depend on b,_1, which is unknown. In practice, one can
ignore the terms dependent on b,,_; at first, as this returns 8, which is all that is needed
to eventually determine b,_1. Once b,_; is known, the previously ignored terms can be
added to B to return the true value of the coefficient. We begin by presenting the formulas
for even N. If n and j are both even, then

n—2

1 2
Bn.j = Wj)((l —8j2)Bn—1.j-1+ Bu-1j+1 + Z(Sn—Zl/Sﬂ,j

=1
1
+b2 (1 =685 28)Bu—21,,N—j| + Bn—21,N+j) + Esj,ZNbZan—Zl

L Knenp
+§ Z (Bor, 26 (1 = 82k, j — S1ok—ji,N) B2t 2k—j| + (1 = 82kt j.N) Bn—21,2k+)))
iz
(KnQI+1)=1)/2

1
+§(1 — 821,n-2) Z (Bai+1,2k41 (1 = Sp2k41— 1,1 Bu—2i—1,12k+1— |
k=1

+.3n72171,2k+1+j)))> (54)

and for n and j both odd

1
Bn,j = ﬁj)((aj,N—l + 8 NtDbp—1 + (1 =8 n41)Bu—1,j—1 + (1 = 8; N—1)Bn—1,j+1
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3

n

2

+ Z(Sn—2l—l/32l+l,j + by (L = §n—j, 1) Bu—21,,N—j| + Bn—21,N+))

=1
KnQ2D)/2
1
+5 Z (Bar.2k (1 = 82k j1,1) Bu—2t,j2k— j| + Bn—21,2k+))
P
(KyQI+1)—1)/2
1
+5 > (Bot+1,2k41 (1 = k41,5 — ppk1—j1,N) Bu—2i—1, ]2k +1— |
k=1
+(1 - 32k+l+j,N)ﬂn7217l,2k+l+j))>)- (55)

For N odd, if n and j are both even,

1
Bn,j = m(@jwq + 8N+ + (A =682 —8j Ny 1)Bu—1,j—1 + (1 =38 n-1)

7 Ky(@D)/2
Bn—1.j+1+ Z sn—21P1,j + 3 Z (Bor.2k (X = 82k, ) Bu—2t,2k—j| + Bu—21,2k+)))
=1 k=1

+(1 - 821,n72)|:b21+l (X = 8n—ji,1 — 8j2N)Bu—21—1,N—j| + Bn—20—-1,N+)
| (KN QI+1)=1)/2
+§8j,2Nb21+lbn—21—1 + > Z (Bors1, 2601 (1 = 82k1—j1,1 — Sj2kt1—j1.N)

k=1
kA(N—1)/2

Bu—ai—1.2k+1—j + (1 — 52k+1+j.N)ﬂn—21—1,2k+1+j))]) . (56)

and if n and j both odd

1

n-3
En
Bn.j = ) Bn—1,j—1+ Bu—1,j+1 + Z(%—Zl*lﬁzﬂrl,] + bo1(Bu—21-1,1j—N| + Bu—21—1,j+N)
=1
KnCD)/2

+§ Z (Bor, 2k ((1 = 8pk—j1.1 — Sj2k—j1.N) Bu—ri,j2k—j| + (1 — 82kt j ) Bu—21,2k+)))
k=1

(KyQI+1)—1)/2

+5 Z (Bat1,2k+1((1 = S2kqe1, /) Br—2i—1, |2k 1—j| + /3,172171,2k+1+j))])

k=1
kA(N=1)/2
(57)

Maple code which finds the solution by executing the algorithm presented in Sect. 2
and python code which finds the solution through the recursive relations presented above
can both be found at https://github.com/raylanger/WiltonRipples.
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Appendix B: Proof of Theorems
B.1 Proof of Theorem 1

Proof For the proofs of Theorems 1 and 2, it is more convenient to use notation which
is consistent for the coefficients of the resonant mode, wave speed correction, and the
non-resonant modes. That is, instead of b,, s,, and B, x, we use y, r, where in general
Yn.k = Pn.k, except for y, n = by and y, 0 = s,,. Using this notation, the expansion of the
solution in the small parameter € is

o0 o0 o0 o0
F=Y " vakdr=cfi+) €Y vurdk (58)
n=1 k=1 n=2 k=2
C—Co+S—Co+Z€ Sn—COJf'Ze Yn,090- (59
n=1 n=1

Note that for all n > 1, we have excluded the first mode, equivalent to setting y,, 1 = 0,
and that we have used the fact that the wave speed is a constant term to express it as the
coefficient of the zeroth mode, since ¢9 = 1. Substituting this into (13) allows it to be
rewritten as

3OS el ZZ zaymmm—zz (£6) = <o) yaidh.
=1 m=1 1=1 b=0 n=1i=1

where the sums over / and a produce f, and the sum over m and b produce s + f, hence the
addition of the zeroth mode. The right-hand side denotes R[ f]. We proceed by isolating
terms at each order by ensuring / +m = n, orl = n — m, and using identity (12), the
above becomes

1

3
|

WK

00 00
ZZ Ym.aYn—m,bPaPb =

(ﬁ(i) - Co) Vn.i Qi

m=1a=1b=0 =1
n—1 oo oo ’ loo R
o Z Z Z Ym,a¥n—m,b ¢a+b + ¢|a bl) Z (E(l) - CO) Vn,i‘pi’ (60)
m 1a=1b=0 i=1

where it is now clear that the right-hand side contains all n-th order coefficients, and the
left-hand side contains all lower order coefficients.

The following is a proof by induction. We begin with the base case obtained by solving
up to the third order, shown from the beginning of Sect. 4 up to the solution of Eqgs. (35)
and (36). For N > 4, this produces y; y =0, y1,0 =0, 20 = —1/2R(2), and y22 =
1/2R(2). All other coefficients up to second order are known to be zero, except y2 y. The
non-resonant coefficients at third order would also be known, though that is irrelevant to
the following proof. As expected, all coefficients satisfy Theorem 1. After the proof, we
will remark on the special case of N = 3.

Like any induction proof, we assume that Theorem 1 is true up to some order n — 1, and
wish to show that it continues to be true after solving at order n. As before, the unknowns
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at order n are y, x fork #0, 1, or N, y,,—1,0, and y,,—2 n. The reasoning behind this will
be discussed shortly.

To solve (60), we equate the coefficients of ¢;. On the left-hand side of (60), this is done
by settinga+b =i — b =i —a, whichisvalidfora <i,and|a —b| =i > b=a+i
(always valid) and b = a — i (valid for @ > i). Thus, we can rewrite the above to simply
obtain the coefficients of ¢; as

1rl—loo

D) Z Z Ym,a (anm,aJri + 1+ Sa,i))/nfm,lafi\) = (f/(l) - CO) Vn,is (61)

m=1 a=1

where §,; is used because fora = i, bothb =i —a and b = a — i are valid, in which
case b = 0. In general, this is analogous to (19), though in the case of i = 1 ori = N, we
find the two solvability conditions, (32) and (33), respectively.

Fori # 1 or N, the right-hand side of (61) is non-zero, and so y, ; is the unknown
in this equation. The key observation is that m and n — m will have the same parities if
n is even, but different parities if #n is odd. Let us first consider n to be even, and solely
the term ¥y,.4 ¥n—m,a+i- Since the orders m and n — m have the same parity, the modes a
and a + i must also share that parity, or one of the coefficients will necessarily be zero,
according to Theorem 1. This can only happen if i is even. Similar logic may be applied
tO ¥m,aVn—m,la—i|> Which means that if i is odd, the left-hand side of (61) will be zero,
proving that y;, ; is zero for n even, i odd. The argument is nearly identical when # is odd,
with the exception that now that m and n — m have different parity, so too musta and a + i
(or a and |a — i]), requiring instead that i be odd, now proving that y;, ; is zero for n odd,
i even.

Recall that the above argument is only sufficient for i % 1 or N. At these values of i,
Z(i ) — co = 0, meaning that y,, ; does not appear on the right-hand side. Thus, we assume
that ¥, .1 = 0, and use these equations to solve for the resonant coefficient and wave speed
correction at previous orders. Furthermore, we must consider the resonant coefficient from
two orders previous, as in (61) y,—1,n is paired with y; y+1 fori = 1 and y| y+n for
i = N, all of which are zero according to the base case.

Once this is known, the argument is largely the same. It is still true that if n and i
have different parities, all terms on the left-hand side of (61) will be zero, outside of those
containing the unknowns y,—1,0 and y,—2, n. The wave speed correction is solved for using
i = 1, shown in (41). As i is odd, we will find y,,—1, 0 = O whenever = is even, which
is when n — 1 is odd. Likewise, the resonant coefficient is solved for using i = N, as
seen in (43), and thus we find y,,_> v = 0 whenever n and N have different parity, which
coincides with when n — 2 and N have different parity.

Thus, we have shown that if Theorem 1 is true up to some order n — 1, it will continue
to be true at order n. Alongside the base case, this proves that Theorem 1 holds for all
orders. O

Remark The above proof was specific to N > 4. For N = 3, the base case is changed
which affects how the special cases i = 1 and i = N = 3 are treated. Solving up to third
order for N = 3 produces non-zero y 3, ¥2,4 and 2 ¢, in addition to the coefficients which
were non-zero in the base case for N = 4, as seen at the beginning of Sect. 3. The result is
that the solvability conditions obtained from the special cases produce coupled equations
for the wave speed correction and resonant coefficient, as given by the matrix in (28). As
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1 and 3 are both odd, we find that both s,_{ and b,,_, are zero whenever n is even, in
accordance with Theorem 1.

B.2 Proof of Theorem 2

Proof For this proof, it is useful to consider an equivalent definition of Theorem 2: If n
satisfies k(N —2) < n < (k+1)(N —2) for some non-negative integer k, then the highest
mode Ky (n) found at O(e") is n + 2k. Each increase of 2 in Ky (n) relative to n will
henceforth be referred to as a boost, and the goal of the proof is to show that the number
of boosts at each order is equal to [n/(N — 2)] .

The highest mode solved for at O(e™) will be the highest mode ¢, in (61) for which
Ym.a and Y, » are both non-zero, for all choices of m < n. To produce the largest possible
sum, a and b must necessarily be the highest modes at their respective orders, and so we
may define the following formula

Ky(m) =max {Ky(m) + Ky(n —m) V1 <m<n-—1}), (62)

where Ky, (n) denotes the highest mode solved for at O(e"), as opposed to Ky (n), which
denotes the highest mode found. There is an important distinction between solved for at
O(e™) and found at O(e"). Typically, they are equivalent, as for most modes we solve for
their coefficients at the current order. So, if a mode is solved for at some order, it is also
found at that order. For only one mode is this not true, and that is the resonant mode ¢y,
as we solve for y, 2 y at O(e"), as discussed in Theorem 1. K3 (n) is still very useful as
it always provides the highest known mode at O(e") after solving at that order.

Because the resonant mode is a special case, we must split the proof into two parts. The
first is determining at what order the resonant mode first appears. Once this is known, the
solution up to that order serves as a base case for the second part of the proof, an induction
proof showing that Theorem 2 holds for all higher orders.

We will show that the resonant mode first appears at O(eV=2), which is also the first
instance of a boost. This requires that we solve up to @(e"), and in doing so, we will also
show that for all n < N — 2, the highest mode present at O(¢") is ¢,. The proof of this
follows and serves as a nice introduction to the rest of the proof. As with Theorem 1, we
provide the proof for N > 4, and remark on the case of N = 3 at the end.

The initial condition f; = ¢; serves as the base case for an induction proof showing
that Ky(n) = n forn < N — 2. From (62), it is clear that if Ky(m) = m ¥V m < n,
then Ky (n) = m + (n — m) = n. Alongside the initial condition, this shows that up to
O(eN73), the highest mode is the same as the order.

We proceed carefully to O(eN~2). It is also true that K y(N —2) = N — 2, and thus
after solving at that order the highest known mode is ¢y —». However, yy_2 n remains an
unknown. Thus, we tentatively set Ky (N — 2) = N — 2 to be used for the subsequent
orders, but note that this may be subject to change should yy—_2 nx be non-zero. Using
Ky(N —2) = N — 2, we find K,’f,(N — 1) = N — 1, but similarly yy—_1 y+1 is still
unknown as it depends on yy_2 n, as seen in (40). We again set Ky (N —1) = N —1 while
acknowledging that this is not yet certain. Proceeding to O(e"), we find K v(N) =N,
meaning that at this order we solve for the resonant mode. This produces a non-zero
yYN—2,N, the first instance of a boost, as well as a non-zero yy_1, y+1. While this means
that we must retroactively change Ky (N —2)to N, Ky(N —1)to N + 1, and Ky (N) to
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N + 2, itis still true that O(e™) is the first order at which we solve for the resonant mode,
which is the important part of this proof.

Now that we have shown that the resonant mode always first appears at O(eV=2), we
may proceed to the rest of the proof of Theorem 2. Recall that we have also shown that for
all orders m < N — 2, Ky (m) = m, in accordance with Theorem 2. We aim to show that
the number of boosts only increases at orders which are multiples of N — 2, and otherwise
the highest mode increases by only 1 with the order. To do so, we show that all orders of
the form O(ek(N_z)"'p), withkand p € Zand 0 < p < N — 2, have k boosts.

Now that we are only considering orders n > N — 2, Ky (n) will always be greater
than N, and thus we may use Ky, (n) = Ky (n). To simplify, we let m in (62) take on the
form

m=j(N-2+q, je{0,1,2...k}, ge{0,1,2...N—3}, (63)

such that the corresponding order always has j boosts. Substituting (63) and n = k(N —
2) + p into n — m, we obtain

k(N—2)—m+p=k—-j)(N—-2)+p—q. (64)

The number of boosts at this order is less clear, as it depends on the values of p and g.
Substituting (63) and (64) into (44) produces

JIN-=2)+gq

KN(m):j(N—2)+q+2L 5

JZ](N—2)+q+2j (65)

and

k— j)(N -2 _
KN(k(N—2>—m+p)=<k—j>(zv_z)+p—q+z{( DN =2 +p ’JJ.

N -2
(66)

Finally, substitution of (65) and (66) into (62) produces

K?‘v(k(N—z)+p)=max<k(N—2)+p+2j+2V"_f)<1‘]’v—_22>+p—qJ>’

(67)

with the maximum being taken over all values of j and ¢. The j terms will cancel once a
value of ¢ is chosen, so we simply must maximize the value of the floor function, which
is achieved by choosing g < p. Thus, we may express the highest mode

Ky (k(N=2)+ p) = Kn(k(N —2) + p) = k(N —2) + p + 2k, (68)

which evidently has k& boosts.

Note that if p = 0, that is, if the order is a multiple of N — 2, then only ¢ = 0 satisfies
q < p. As p increases, the number of g which satisfy that inequality increases, but this
still only leads to k boosts, and as such increasing p by 1 only increases the highest mode
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by 1. Additionally, if we let p = —1, then no values of ¢ satisfy ¢ < p, and thus that
order will have k — 1 boosts, showing that the number of boosts does increment at orders
which are exactly multiples of N — 2. This completes the proof of Theorem 2. O

Remark For N = 3, we begin with fi = ¢ + b1¢3, meaning that the preliminary
step of determining when the resonant mode first appears is unnecessary. Furthermore, as
N —2 =1, we expect the number of boosts to increment at every order, and thus the highest
mode should increase by 3 every time. This can simply be shown through an induction
proof, using K3(1) = 3 as a base case. If we assume that K3(m) = 3m VY m < n, then
(62) returns K;‘ (n) = K3(n) = 3n. This is sufficient to show that for N = 3, the highest
mode is always 3 times the order, in accordance with Theorem 2.

References

. Wilton, J.R.: On ripples. Philos. Mag. 29, 173 (1915)
. Akers, B., Gao, W.: Wilton ripples in weakly nonlinear model equations. Commun. Math. Sci. 10(3),
1015-1024 (2012)
3. Lamb, H.: Hydrodynamics. Cambridge University Press, Cambridge (1879)
4. McGoldrick, L.F.: On Wilton’s ripples: a special case of resonant interactions. J. Fluid Mech. 42(1),
193-200 (1970)
5. Haupt, S.E., Boyd, J.P.: Modeling nonlinear resonance: a modification to the Stokes’ perturbation
expansion. Wave Motion 10(1), 83-98 (1988)
6. Kamesvara Rav, J.C.: On ripples of finite amplitude. In: Proceedings of the Indian Association for the
Cultivation of Science, Cambridge University Press, United Kingdom vol. 6, pp. 175-193 (1920)
7. Vanden-Broeck, J.-M.: Gravity-Capillary Free-Surface Flows. Cambridge University Press, Cambridge
(2010)
8. Vanden-Broeck, J.-M.: Wilton ripples generated by a moving pressure disturbance. J. Fluid Mech. 451,
193-201 (2002)
9. Christodoulides, P., Dias, F.: Resonant capillary-gravity interfacial waves. J. Fluid Mech. 265, 303-343
(1994)
10. Amundsen, D.E., Benney, D.J.: Resonances in dispersive wave systems. Stud. Appl. Math. 105(3),
277-300 (2000)
11. Trichtchenko, O., Deconinck, B., Wilkening, J.: The instability of Wilton ripples. Wave Motion 66,
147-155 (2016)
12. McGoldrick, L.F.: An experiment on second-order capillary gravity resonant wave interactions. J. Fluid
Mech. 40, 251-271 (1970)
13. Henderson, D.M., Hammack, J.L.: Experiments on ripple instabilities. Part 1. Resonant triads. J. Fluid
Mech. 184, 15-41 (1987)
14. Perlin, M., Henderson, D., Hammack, J.: Experiments on ripple instabilities. Part 2. Selective ampli-
fication of resonant triads. J. Fluid Mech. 219, 51-80 (1990)
15. Reeder, J., Shinbrot, M.: On Wilton ripples II: rigorous results. Arch. Ration. Mech. Anal. 77, 321-347
(1981)
16. Akers, B., Nicholls, D.P.: Wilton ripples in weakly nonlinear dispersive models of water waves: exis-
tence and analyticity of solution branches. Water Waves 3(1), 25-47 (2021)
17. Akers, B., Nicholls, D.P.: Wilton Ripples in weakly nonlinear models of water waves: existence and
computation. Water Waves 3(3), 491-511 (2021)
18. Toland, J.F,, Jones, M.C.W.: The bifurcation and secondary bifurcation of capillary-gravity waves.
Proc. R. Soc. Lond. A Math. Phys. Sci. 399(1817), 391417 (1985)
19. Akers, B., Ambrose, D.M., Sulon, D.W.: Periodic travelling interfacial hydroelastic waves with or
without mass II: multiple bifurcations and ripples. Eur. J. Appl. Math. 30(4), 756-790 (2019)
20. Ehrnstrom, M., Johnson, M.A., Maehlen, O.I.H., Remonato, F.: On the bifurcation diagram of the
capillary-gravity Whitham equation. Water Waves 1(2), 275-313 (2019)
21. Vanden-Broeck, J.-M., Pdrdu, E.I.: Two-dimensional generalized solitary waves and periodic waves
under an ice sheet. Philos. Trans. R. Soc. A: Math. Phys. Eng. Sci. 369(1947), 2957-2972 (2011)

o =



126 R. Langer et al.

22. Akers, B.: High-order perturbation of surfaces short course: stability of travelling water waves. Lect.
Theory Water Waves 426, 51 (2016)

23. Akers, B.: High-order perturbation of surfaces short course: traveling water waves. Lect. Theory Water
Waves 426, 19-31 (2016)

24. Akers, B.: Modulational instabilities of periodic traveling waves in deep water. Phys. D: Nonlinear
Phenom. 300, 26-33 (2015)

25. Akers, B., Nicholls, D.P.: Spectral stability of deep two-dimensional gravity water waves: repeated
eigenvalues. SIAM J. Appl. Math. 72, 689-711 (2012)

26. Akers, B., Nicholls, D.P.: Spectral stability of deep two-dimensional gravity capillary water waves.
Stud. Appl. Math. 130, 81-107 (2013)

27. Creedon, R., Deconinck, B., Trichtchenko, O.: High-frequency instabilities of a Boussinesq—Whitham
system: a perturbative approach. Fluids 6(4), 136 (2021)

28. Creedon, R., Deconinck, B., Trichtchenko, O.: High-frequency instabilities of the Kawahara equation:
a perturbative approach. SIAM J. Appl. Dyn. Syst. 20(3), 1571-1595 (2021)

29. Creedon, R.P., Deconinck, B., Trichtchenko, O.: High-frequency instabilities of Stokes waves. J. Fluid
Mech. 937, A24 (2022)

30. Wilkening, J., Zhao, X.: Spatially quasi-periodic water waves of infinite depth. J. Nonlinear Sci. 31(3),
52 (2021)

31. Griffel, D.H.: Applied Functional Analysis. Courier Corporation (2002)

32. Drazin, P.G.: Nonlinear Systems, vol. 10. Cambridge University Press, Cambridge (1992)

33. Champneys, A.R., Vanden-Broeck, J.-M., Lord, G.J.: Do true elevation gravity-capillary solitary waves
exist? a numerical investigation. Int. J. Fluid Mech. 454, 403—417 (2002)

34. Gao, T., Vanden-Broeck, J.-M.: Numerical studies of two-dimensional hydroelastic periodic and gen-
eralised solitary waves. Phys. Fluids 26(8), 1-14 (2014)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.



	Wilton Ripples with High-Order Resonances in Weakly Nonlinear Models
	Abstract
	1 Introduction
	2 The Kawahara Equation N=3
	3 General Solution for Resonance at N = 3
	4 Solution for Resonance at N 4
	5 Common Divisor
	5.1 Example: The Kawahara Equation Nge4

	6 Conclusion and Future Work
	Acknowledgements
	Appendix A: Simplified Formulas
	Appendix B: Proof of Theorems
	B.1 Proof of Theorem 1
	B.2 Proof of Theorem 2

	References




