Z. Angew. Math. Phys. (2017) 68:141

(© 2017 Springer International Publishing AG, part of Springer Nature Zeitschrift .fi.lI‘ angewar_ldte
https://doi.org/10.1007 /00033-017-0884-7 Mathematik und Physik ZAMP

@ CrossMark

Periodic traveling interfacial hydroelastic waves with or without mass

Benjamin F. Akers, David M. Ambrose and David W. Sulon

Abstract. We study the motion of an interface between two irrotational, incompressible fluids, with elastic bending forces
present; this is the hydroelastic wave problem. We prove a global bifurcation theorem for the existence of families of spatially
periodic traveling waves on infinite depth. Our traveling wave formulation uses a parameterized curve, in which the waves
are able to have multivalued height. This formulation and the presence of the elastic bending terms allow for the application
of an abstract global bifurcation theorem of “identity plus compact” type. We furthermore perform numerical computations
of these families of traveling waves, finding that, depending on the choice of parameters, the curves of traveling waves can
either be unbounded, reconnect to trivial solutions, or end with a wave which has a self-intersection. Our analytical and
computational methods are able to treat in a unified way the cases of positive or zero mass density along the sheet, the
cases of single-valued or multivalued height, and the cases of single-fluid or interfacial waves.
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1. Introduction

We study the motion of an elastic, frictionless membrane of nonnegative mass between two irrotational,
incompressible fluids. This is known as a hydroelastic wave problem. Each fluid has its own nonnegative
density, and if one of these densities is equal to zero, this is the hydroelastic water wave case. Hydroelastic
waves can occur in several scenarios, such as a layer of ice above the ocean [26] (for which the water wave
case would be relevant), or a flapping flag in a fluid [8] (for which the interfacial case would be relevant).

To model the elastic effects at the free surface, we use the Cosserat theory of elastic shells as developed
and described by Plotnikov and Toland [22]. This system is more suitable for large surface deformations
than simpler models such as linear or Kirchhoff-Love models. The second author, Siegel, and Liu have
shown that the initial value problems for these Cosserat-type hydroelastic waves are well-posed in Sobolev
spaces [9,18]. Toland and Baldi and Toland have proved existence of periodic traveling hydroelastic water
waves with and without mass including studying secondary bifurcations [27,28], [11,12]. A number of
authors have also computed traveling hydroelastic water waves, finding results in 2D and 3D, computa-
tions of periodic and solitary waves, comparison with weakly nonlinear models, and comparison across
different modeling assumptions for the bending force [14,15,19-21,30,31]. While we believe these com-
putations of hydroelastic water waves are the most relevant such studies to the present work, this is not
an exhaustive list, and the interested reader is encouraged to consult these papers for further references.

We use the formulation for traveling waves introduced by two of the authors and Wright [2]. This
version of the traveling wave ansatz is valid for a traveling parameterized curve, and thus, extreme
behavior of the waves, such as overturning, may be studied. Furthermore, while the present study concerns
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waves in two-dimensional fluids, the formulation based on a traveling parameterized curve extends to the
case of a traveling parameterized surface in three space dimensions. Thus, this method of allowing for
overturning waves generalizes to the higher-dimensional case, unlike methods based on complex analysis;
this has been carried out in one case already [7].

In [2], the density-matched vortex sheet with surface tension was studied. The particular results in
[2] are that the formulation for a traveling parameterized curve was introduced and was used to prove a
local bifurcation theorem, and families of waves were computed, showing that curves of traveling waves
typically ended when a self-intersecting wave was reached. Subsequently, Akers, Ambrose, and Wright
showed that Crapper waves, a family of exact pure capillary traveling water waves, could be perturbed
by including the effect of gravity, and the formulation was again used to compute these waves [6]. Further
numerical results were demonstrated in [4], where the non-density-matched vortex sheet was considered.
The formulation was also used to prove a global bifurcation theorem for vortex sheets with surface tension
for arbitrary constant densities and thus including the water wave case [10].

We give details of this formulation in Sect. 2, after first stating the evolution equations for the hydroe-
lastic wave problem. While the evolution equations and thus the traveling wave equations are different
in the cases with and without mass (i.e., the case of zero mass density or positive mass density along
the elastic sheet), this difference goes away when applying the abstract global bifurcation theorem. This
is because the terms involving the mass parameter are nonlinear, and vanish when linearizing about
equilibrium. We are therefore able to treat the two cases simultaneously in the analysis.

The abstract bifurcation theorem we apply requires a one-dimensional kernel in our linearized operator.
For certain values of the parameters, there may instead be a two-dimensional kernel. The authors will
treat the cases of two-dimensional kernels in a subsequent paper. This will involve studying secondary
bifurcations as in [11] and also studying Wilton ripples [3,16,24,25,29,32].

In Sect. 3, we state and prove our main theorem, which is a global bifurcation theorem for periodic
traveling hydroelastic waves, giving several conditions for how a curve of such waves might end. In Sect. 4,
we describe our numerical method for computing curves of traveling waves, and we give numerical results.

2. Governing equations
2.1. Equations of motion

The setup of our problem closely mirrors that of [10] and [18]. We consider two two-dimensional fluids,
each of which may possess a different mass density. A one-dimensional interface I (a free surface) comprises
the boundary between these two fluid regions; one fluid (with density p; > 0) lies below I, while the other
(with density pa > 0) lies above I. The fluid regions are infinite in the vertical direction and are periodic
in the horizontal direction. In our model, we allow the interface itself to possess nonnegative mass density
p. Our model also includes the effects of hydroelasticity and surface tension on the interface; these will
be presented later in this section as we introduce the full equations of motion.

Within the interior of each fluid region, the fluid’s velocity u is governed by the irrotational, incom-
pressible Euler equations:

us +u-Vu = —Vp,
div (u) =0,
u=Vg;
however, since v may jump across I, there is may still be measure-valued vorticity whose support is

I. We can write this vorticity in the form ~d;, where v € R (which may vary along I) is called the
“unnormalized vortex sheet strength,” and d; is the Dirac mass of I [10].
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Identifying our overall region with C, we parametrize I as a curve z (a,t) = z (o, t) + iy (a, t) with
periodicity conditions

z(a+2m,t) = x(a,t) + M, (1a)

y(a+2mt) =y(at), (1b)

for some M > 0 (throughout, o will be our spatial parameter along the interface, and ¢ will represent
time). Let U and V denote the normal and tangential velocities, respectively; i.e.,

5% =UN+VT, (2)
where
T ="
EN
N =i
Sa
s2 = |zal” =22 +y2. (3)

(Notice that T and N are the complex versions of the unit tangent and upward normal vectors to the
curve.) We choose a normalized arclength parametrization; i.e., we enforce

L(t)
—_— 4

o (4)
at all times ¢, where L (t) is the length of one period of the interface. Thus, in our parametrization, s,
is constant with respect to av. Furthermore, we define the tangent angle

0 = arctan (ya> ;
Tq

it is clear that the curve z can be constructed (up to one point) from information about 6 and o, and
that curvature of the interface x can be given as

Sa =0 (1) :=

The normal velocity U (a geometric invariant) is determined entirely by the Birkhoff-Rott integral:

U = Re (W*N), (5)
where )
W* (a,t) = QLM PV / - (a,Z)(i ’;()a,’ ol (6)
R

We are free to choose the tangential velocity V' in order to enforce our parametrization (4). Explicitly,
we choose periodic V' such that

27
1
w="0,U—— [ 0,Uda.
Ve U o / Uda (7)
0
We can differentiate both sides of (3) by ¢ and obtain
Sat = Vo — eaU;
using this and (7), we can then write
2 27 27
— L fovda=L [(sw-v)da=— [sud (8)
Sat = o e o = or Sat a @ = o Sat AQX.

0 0 0
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Note that the last step is justified since V is periodic. But, we also have

2

L= /sa do,
0
so (8) reduces to
Ly
Sat = 52>
YT oor

which yields (4) for all times ¢ as long as (4) holds at ¢t = 0.

The evolution of the interface is also determined by the behavior of the vortex sheet strength v (v, t),
which can be written in terms of the jump in tangential velocity across the surface. Using a model which
combines those used in [9] and [18], we assume the jump in pressure across the interface to be

1 K3
[IP)] = p (Re (W;'N) + Vivby) + 5 B ( T2 ) +gpTm N,
where p > 0 is the mass density of the interface, Vi :==V — Re (W*T), E;, > 0 is the bending modulus,
71 > 0 is a surface tension parameter, and g is acceleration due to gravity. Then, we can write an equation
for ~; [18]:
S

3020
= [ §tp 4 ot
Vt o3 < W0+

~ 1000 ) + L0 07 (o (7, ) )

2406, ~ aa
~ <2A _ ) (Re (W/T)) 5o — 24 ((Vw)a 0, + Vig O + L~ )
g ag
e )

In addition to those defined above, Eq. (9) includes the following constant quantities; some are listed
with their physical meanings:

p1 : density of the lower fluid (> 0),
p2 : density of the upper fluid (> 0),
~ E
Si=—"—(>0),
p1+ p2
A= PP (the “Atwood number,” € [—1,1]),
p1+ p2
A=—"L_(>0
p1+ p2
We can non-dimensionalize and write (9) in the form
S 302000 Wi
Y=——3 (8§9+ o — 7'1029aa) + (V) (10)
o 2 o

240,

g

—24 (Re (W},N)) — <2A - ) (Re (W;T)) 54

24 (Vi) 00+ Vivtro + 222 ) =24 (115 — Vi Re (W3T) + 3 )

where § = §/|g|. In the two-dimensional hydroelastic vortex sheet problem with mass, the interface’s
motion is thus governed by (2), (5), (6), (7), and (10).
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2.2. Traveling wave ansatz

We wish to consider traveling wave solutions to the two-dimensional hydroelastic vortex sheet problem
with mass.

Definition 1. Suppose (z,7) is a solution to (2), (5), (6), (7), and (10) that additionally satisfies (z,7), =
(c,0) for some real parameter c. We then say (z,7) is a traveling wave solution to (2), (5), (6), (7), and
(10) with speed c.

Remark 2. In our application of global bifurcation theory to show existence of traveling wave solutions,
the value ¢ will serve as our bifurcation parameter.

Note that under the traveling wave assumption, we clearly have

U = —csinb),

V = ccosf.
By carefully differentiating under the integral (in the principal value sense), it can be shown that under
the traveling wave assumption, both W;* = 0 and W}, = 0. Thus, both terms 24 (Re (W},N)) and
(QA - %) (Re (W;T)) so vanish in the traveling wave case, and (10) reduces to

2
0= —% <a§e+ 305000 _ Tla?gaa) + W)y
o 2

g

24 (Viv)o 00+ Vintia + 22%) =24 (25 — Vi Re (WET) + 31 )

or
2
0= —% (83;0 + Haboo _ 71020aa> + (i), (11)
o 2 o
A Lo Y Ve
240, (Vivt + 22 ) =24 (225 — Vie Re (W3T) + 34
Note that
Viw =V —Re(W*T) = ccosf — Re (W*T),

and

Yo = osinb,

To = 0 COSH;

also, 0; clearly vanishes in the traveling wave case. We also have
1
(ccos§ — Re (W*T)) (Re (W5 T)) = =50 {(ccoso ~Re (W*T))Q} ,

which is shown in [10] or could be computed from the above. Thus, we can substitute the above and write

(11) as

S (n, 302000 9 ~
0= 3 (Qﬂ + —5 T Oaa | —2A(cosh),,

_}_((CcostRe(W*T))’Y)a 4 <8a (+?) 2 sind + 8, {(ccose—Re(W*T))2}> a2

o 402
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We multiply both sides by o /7:

20aa 24
0= _% <8§9 + 390‘29 — 7'1029(“> a9 (cos®),, (13)

T10 1

4-l ((ccos® —Re (W™T))~)

T1 «

A (W +20%sin6 + 00, {(ccosﬂ — Re (W*T))2}> .

(51 4o

For concision, we define

®(0,7;¢,0) = 1 ((ccos® —Re (W*T)) ),
1
2
m + 202 sin 0 + 00, {(C cosf — Re (W*T))z}
4o

A

. (14)
1

(We define ® in this manner so that it corresponds with the mapping ® defined in [10]; there, this mapping
comprises all of the lower-order terms.) Then, (13) can be written as

S 3020 2A
0=——5 (6‘;9 SRt L 7'1029(m> g (cos®),+®(0,v;c,0),
O 2 1
or _
02000 2403 2
0=0%0+ BQT — 7102000 + o (c086), — 2@ (6,7;¢,0). (15)
We label the remaining lower-order terms as
Uy (0;0) := %Giﬂaa,
Uy (0;0) := —110%00a,
2403
Vs (0;0) := Sa (cos®),,;

note that W3 is the only remaining term that includes the effect of interface mass. Combining these
together as U := WUy + Uy + U3, we write (15) as

4 7'10'2
0:8a0+\1’(9;0-)_ S @(0,7;0,0). (16)
Recall that (5) also determines the behavior of the interface. Since U = —c¢sin#, (5) becomes (as in
[10])
0=Re(W*N) + ccosb. (17)

Note that (16) and (17) feature z and 6 interchangeably. From this point onward, we would like to
look for traveling wave solutions in the form (6,~) alone; thus, it becomes important to explicitly state
how to construct z from € (in a unique manner, up to rigid translation) in the traveling wave case. We

can clearly do this via
«

2 (,0) =z (a,t) —ct = U/exp (i0 (o)) do’'. (18)
0
Then, given the work completed throughout this section thus far, it is clear that if (6, v; ¢) satisfy (16) and
(17) (with z appearing in Re (W*N) constructed from 6 via 18), then (z,7) is a traveling wave solution
to (2), (5) and (10 ) with speed ¢ (again, with z constructed via (18)).
It is as this point, however, that we arrive at a technical issue. Even if (0, v; ¢) yield a traveling wave
solution (z,7), we cannot expect that 2m-periodic 6 to yield periodic z via (18). We would like for any 27
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-periodic (6,) that solve some equations analogous to (16) and (17) to correspond directly to a periodic
traveling wave solution (z,7) of (2), (5), and (10). Hence, in a manner closely analogous to [10], we
modify the mappings in (16) and (17) to ensure this.

2.3. Periodicity considerations

Throughout this section, assume that 6 is a sufficiently smooth, 27-periodic function. Define the following
mean quantities:

2 27
1 1
cosf := —/cos (0 (a'))da/, sinf:= —/sin (0 (o)) do’.
27 27
0
Given M > 0 and 6 with cos @ # 0, define the “renormalized curve”
Z[0] (a) : /exp (i6 (o)) da’ —iasin
27rcos 0 )

Note that Z [0] is one derivative smoother than 6, and a direct calculation shows that such a curve in
fact satisfies our original spacial periodicity requirement (1a), (1b):

Z 0] (o + 27) = Z [0] (@) + M.

Also, we clearly have normal and tangent vectors to Z [0] given by

Tip) = 220
WAL

N[O =i 6“%[0]
aaZ[e]‘

Next, we use a specific form of the Birkhoff-Rott integral (for real-valued v and complex-valued w
that satisfy w (o + 27) = w () + M):

Blw]y(e) =

PV [ 7 (') cot (% (w (@) —w (o/))) da'.
R

2iM

As discussed in [10], setting w = z yields W* = B |[z]~, where W* is as defined in (6); this follows from
the well-known cotangent series expansion due to Mittag-Leffler (which can, for example, be found in

[1]). We are now ready to define a mapping ®, analogous to the mapping in [10]:

& (0,7:¢) = —0a {ecoso —Re ((B[Z10]7) T16]) 7}

T1

A [ mcosf M? —

—— 0o (7?) + —— (sin@ — sin 0

! ( 2M « () 272 (0089)2 ( )>
M

2 (e {como-ne((2 201 ) 70) ).

This construction is enough for us to ensure M-periodicity in a traveling wave solution to (16)
and (17):
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Proposition 3. Suppose ¢ # 0 and 2mw-periodic functions 0, satisfy cos@ £ 0 and
Re(<B [2 [9]} V)N[e]) +esing =0, (19)

7'10'2
S
with o = M/ (2mwcos@). Then, (Z [0] (@) + ct,y (a)) is a traveling wave solution to (16) and (17) with

080 + W (0;0) — ——® (0,7 ¢) =0, (20)

speed ¢, and Z [0] () + ct is spatially periodic with period M.

A proof of a proposition almost identical to Proposition 3 can be found in [10]. Under the assumptions
of this proposition, we can see how (19) corresponds to (17) given our construction above; then, [10] shows
that (under these assumptions) ® (6,7;c) = ® (6,; ¢, o) with o = M/ (2mcos ).

We thus will henceforth work with Egs. (19), (20), though a few more steps are needed in order to
bring these equations into a form conducive to applying the global bifurcation theory.

2.4. Final reformulation

We wish to “solve” (20) for §. To do so, we introduce an inverse derivative operator 9,4, which we define
in Fourier space. For a general 27 -periodic map p with convergent Fourier series, let i (k) denote the
k'™ Fourier coefficient in the usual sense, i.e., u(a) = Y 7o fi(k)exp (ika). Then, define for u with
mean zero (i.e., fi(0) = 0)

—

aﬁ—‘*\u (k) :=k=*u(k), k#0 (21)
Do 11 (0) := 0.

By this construction, 9% clearly preserves periodicity, and for sufficiently regular, periodic g with mean
zero,
0, 0 = p = 0,0, .

Also, define the projection P (here, p may not necessarily have mean zero):

2m
1
Pu(a) = u(e) - - [ ule’)da’ (22)
0
it is clear that Py has mean zero. We apply 9,*P to both sides of (20) and obtain the equation
2 ~
0=0+0,PU (0;0) — Tlg 4P (0, ; ¢) (23)
(throughout, note o = M/ (2mcos0)).
27
Next, we approach (19). First, we subtract the mean 7 := (271')_1 J v (a) da from v and write
0
Y=Y,
As in [10], the Birkhoff-Rott integral can be decomposed as
1
-~ H 4
Blw]y(a) =5 ) V(@) + Kw]y(), (24)

where the most singular portion

2

HA(0) = = PV 77 (@)eot (3 (a - ) do’ (25)
0
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is the Hilbert transform, and the remainder

Ky () = PV /7 (@) oot (5 0 = @) = o oot (50— o)) | ae

is smooth on the domain we later define in Sect. 3.2.2. Then, as is also done in [10], we write (19) in the
form

'yl—H{2

0.710)| Re (K [Z10)] (7 + 7)) N [0]) + 2

07 [9]‘ sin 9} —0. (26)
Define

7'10'2

(0, m;0) = =5 I AP® (0,7 +7;¢) — 07 PV (0;0),

so (23) becomes

0 —0(0,715¢) = 0. (27)
We then substitute 6 = © (0, v1; ¢) into (26) to obtain
=T (0,7v1;¢) =0, (28)

where

T'(0,7v;c¢) := H{2

0aZ 10 (0. 71:0)]| Re (K [Z[0(0.71:0)]] T +7)) N[O 0. 71:0)])  (29)

+2¢|0,Z [0 (6,71; c)]‘ sin (© (0,71;¢))}.

In Sect. 3.2.2, we will show compactness of (0, T") given appropriate choice of domain, as the bifurcation
theorem we shall apply to ( 27), (28) requires an “identity plus compact” formulation.

3. Global bifurcation theorem
3.1. Main theorem

We now present a global bifurcation theorem for the traveling wave problem. In essence, this theorem
shows the existence of a rich variety of non-trivial solution sets. We prove this theorem throughout this
section.

Theorem 4. Let all be as defined in the previous section. For all choices of constants M > 0, S > 0,
1>0,Ae[-1,1], A>0,7 € R, there exists a countable number of connected sets of smooth, non-
trivial traveling wave solutions of the two-dimensional hydroelastic vortex sheet problem with mass (i.e.,
solutions to (0 — © (0,71;¢),71 — T (0,71;¢)) = (0,0;¢)). If 7 # 0 or A # 0, then each of these connected
sets has at least one of the following properties (a)-(e):

(a): It contains waves with arbitrarily long interface lengths per period

(b): It contains waves whose interfaces have curvature with arbitrarily large derivative

(c): It contains waves in which the derivative of the jump of the tangential component of fluid velocity
can be arbitrarily large

(d): Its closure contains a wave whose interface self-intersects

(e): Its closure contains two trivial solutions with different speeds.

If ¥ =0 and A = 0, then another possible outcome is

(f): It contains waves which have speeds which are arbitrarily large.
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Remark 5. The possible outcomes listed in the above theorem are very similar to the analogous main
theorem of [10]. Notably different is outcome (b), where we list the possibility for the derivative of
curvature to arbitrarily grow (instead of merely curvature itself). This distinction arises from a difference
in domain spaces used; here, we require 6 to possess one higher derivative than in [10].

3.2. Global bifurcation results

3.2.1. General global bifurcation theory. Our main theorem posits the existence of certain solution sets
to the traveling wave problem; we show that this essentially follows directly from an application of a
global bifurcation theorem due to Rabinowitz [23] and generalized by Kielhofer [17]. The conditions of
the theorem require a notion of odd crossing number for families of bounded linear operators.

Definition 6. Assume A (c) is a family of bounded linear operators depending continuously on a real
parameter c. Suppose at some ¢ = ¢y, A(c) has a zero eigenvalue. Define o= (¢) := 1 if there are
no negative real eigenvalues of A (c) that perturb from this zero eigenvalue of A (cp), and o< (¢) :=
(—1)ml+'"+m’c if 11, ..., ug are all negative real eigenvalues of A (¢) that perturb from this zero eigenvalue
of A(cp), each with algebraic multiplicities mq,...,m;. We say A (c) has an odd crossing number at

c=co if (i) A(c) is regular for ¢ € (co — d,co) U (co, co + J) and (ii) o= (¢) changes sign at ¢ = co.

Remark 7. We can think of the crossing number itself as the number of real eigenvalues (counted with
algebraic multiplicity) of A (c¢) that pass through 0 as ¢ moves across ¢y [10].

We now state the abstract theorem as it is appears in [10], which itself is a slight modification of the
Kielhofer version (see Remark 9).

Theorem 8. (General bifurcation theorem). Let X be a Banach space, and let U be an open subset of
X xR. Let F map U continuously into X. Assume that

(a):  the Frechet derivative D¢ F (0,-) belongs to C' (R, L (X, X))
(b):  the mapping (§,c) — F(&,¢) — & is compact from X X R into X, and
(¢c):  F(0,¢0) =0 and D,y F (0,¢) has an odd crossing number at ¢ = cg.

Let S denote the closure of the set of non-trivial solutions of F (§,¢) =0 in X x R. Let C' denote the
connected component of S to which (0,cq) belongs. Then, one of the following alternatives is valid:
(i):  C is unbounded; or
(ii):  C contains a point (0,c1) where cog # ¢1 ; or
(i1i):  C contains a point on the boundary of U.

Remark 9. The Kielhofer version of the theorem explicitly assumes the case U = X x R. The proof,
however, is easily modified to admit general open U C X x R. The choice of such U for our problem will
ensure well-definedness and compactness of our mapping (©,T").

One condition for Theorem 8 is that the mapping in question can be written in the form “identity
plus compact.” We show that (0,I") is in fact compact over an appropriately chosen domain.

3.2.2. Mapping properties. To begin, we set up the necessary notation for the function spaces we wish
to work with.

Definition 10. Let HS . denote H?3, [0,27], i.e., the usual Sobelev space of 2m-periodic functions from

per per
R to C with square integrable derivatives up to order s € N. Let H. oaq denote the subset of Hy.,
comprised of odd functions; define Hy, ..o, similarly. Let Hp., o cven denote the subset of H ., oven
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comprised of mean zero functions. Finally, letting H; . denote the usual Sobolev space of functions in
H?# (I) for all bounded intervals I, we put

M
H&{wGHﬁ)C:w(a)aEHS }

27 per
=0

We are now ready to set an appropriate domain for (©,T") and assert its compactness as a mapping
over such domain.

For b > 0 and s > 2, define the “chord-arc space”
w (o) —w (&)

o,a’ €fa,b] o —«

le:{wEHfV[: inf

Proposition 11. Put

X=H, a0 % H, xR

p per,0,even
and B B
Uy, = {(9,71;0) €X :cosf>h,Z[0) € C2 and Z[© (0,m;¢)] € Cg?}. (30)

The mapping (©,T') (where ©,T are as defined in Sect. 2.4) from Uy, C X into X is compact.

Proof. The chord-arc conditions are imposed to ensure the well-definedness of the Birkhoff-Rott integral;
this is seen in [10]. With these conditions, alongside the condition cosf > h, we ensure that each
component of ® is well defined over U It is also demonstrated in [10] that ® costs a derivative in
0 and retains derivatives in 7; here, we have that ® maps from Upp to Hlpo- We need to check the
mapping properties of ¥ (i.e., the terms that differ from the analogous equation of [10]). Recall that
\If = \Ifl + \Ijz —+ \113, Where

1
Uy (070) = 20(3904& = 5804 [02]
Uy (0;0) = =110 000
2403
U5 (0;0) = SU (cos®),,

Using elementary results regarding algebra properties for Sobolev spaces, we have that the maps ()3
1

and cos (-) both map from H},, to ., aslong as s > § = 5. The choice s = 2 satisfies this. Also, if

6 is odd, 6, is even (as is 63), so 0, [02] is odd. The function 6, is also odd, so ¥y, ¥5 maps into an

“odd” space. Moreover, since 9, cos (8) = — (sinf) (9,0) and 9,0 is even, we see that U3 maps into an
“odd” space as well. Thus, we can write
2 0
v Hper,odd - Hper,odd?

so 0, 4PV maps into Hécr.

Furthermore, ¥ maps bounded sets to bounded sets as well, as each 0, is a bounded linear map
between appropriate Sobolev spaces and ()3 also maps bounded sets to bounded sets given that its
domain satisfies the condition s > % Since 9,4 and P are also bounded linear maps, we have that
054 P¥ maps bounded sets to bounded sets. Also, it is clear that 9;4PW¥ (6; o) retains parity of 6.

We summarize the mapping properties as follows:
D U, — H;er,o,oddv
9, Pd : Ub,n — ngr,odda
6074]3\1’ s Upp — HSer,oddﬂ
so by the above, we have by our definition of ©,

. 4
O: Ub,h - Hper,odd‘
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As in [10], T is written as a composition of © and an operator that neither gains nor costs derivatives, so

r:Upp— Hi

per,0,even*

By Rellich’s theorem, bounded sets in Héer’odd are precompact in Hﬁemdd, and bounded sets H,,
are precompact in H}

per,0,even- ach term of (©,T') maps bounded sets to bounded sets. Thus, by viewing
(©,T") as a map from open Uy ;, C X into X, we have that (0,T") is a compact map. O

er,0,even

We next compute the Frechét derivative of (6 — O (6,v1;¢),v1 — I' (6,71; ¢)) and subsequently use this
to analyze the crossing number.

3.2.3. Linearization calculation. In order to abbreviate the linearization calculations of (6,T'), we intro-
—
duce some notation. For any map u(6,71;¢), let (9 ,7) denote the direction of differentiation, and

define for general, sufficiently regular mappings pu

po = 1 (0,0;¢)
— 1 —
Dy = Do, 11(0,7150)] 9 0.0 (9 ,7) = lim — (u (6 0 ,87;0) - Mo) :

e—0 ¢

Note that o is dependent on 6; we denote ¥ (6) := o = M/ (2mcosfl). We note the following elementary
results:

sing=0, Dcos=0

M
YXo=—, DX=0.
27
A large number of components of (DO, DI") were explicitly computed in [10]. Namely, these results
yield for our closely analogous ®

~ ~ ~ AM —  AM? — A5 _
D@:—m(—7+c )8aH0— P9+<C—W7)8a%

M el T 2121y n nM

where the projection P is as defined in (22) and H is the Hilbert transform (see (25)). We need to
compute the linearization of the “extra” terms Wi, Wo, W3 that (loosely) correspond to the hydroelastic
and interface mass effects. Examine

1

DV, = 5aaD [62]

- gaa (0,00 0,7

so at 8 =0, we see DV = 0. Next, we examine

DV, = D [-11 52930
= —7 (250D [026] ,_, + £502D0)

2
= —T1 <O+ (;ﬁ) 827)

M\? ., —
:_T1<27T> 3&9,
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and
A 53
DUs =D —2Ag,2 sin (0) aa]
24 3\ o 3 3 -
- {D (2?) sing [0a (0)]g_q + S0 cos [0 (0)]g_q + S sing O 0 }
24
s 040+ 0]
=0.
Thus,

2
DY = -7, (M> 920 .
27

We pause to remark that the crossing number is entirely determined by the linearization near equi-
librium. Note that DW3 = 0 means that the presence of interface mass will not have any bearing on the
application of Theorem 8 to our problem; in other words, the same conclusions about bifurcation (given
odd crossing number) can be drawn in the A=0asin the A > 0 case.

Continuing, we recall the definition of © and calculate

DO =d74p :%D (22&5) - D\I!}

— 974p % (220D2<T>0 + E%D(f)) - qu}

B 2
= 974p 71<M) D& — D

S \2m
nyM (v cAMY __, - AM*_ - mM?_ L,
= - - WH O — PO 0
47S (7’1 T >a°‘ 0 8774580“ * 472 O Ou

nM? (7AYo 4. —
— — — 1070,
4728 <7’1M ) ¢ "

The mapping I" defined in (29) is the composition of © and a mapping identical to that which appears
in [10]. It is shown in [10] that DI = %H DO, so by substituting our expression for DO, we obtain

FM? (7 AM AM5
pr=S0Y (7 ¢ HO;*0.H O — < g Ho. “4py
4728 \my T
e M3 4o enM? (mAy ¢ dn —
HO %020 — —— — — | HO, %0, 7.
+ 473 o o 43S \nnM 7 @ i

Combining our results for DO, DI, we write the linearization L. at (0,0;¢) in matrix form:

<[5

I = Ly L] [6
7 Lot La| |7

where
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with
nIM (5 cAMY ., AMY o mM? .,
Ly =1-— - - 0.0 H 0. %P — 0,07,
1 47 S (7’1 7T7'1> « +87T4S @ 4p2 > 7@
nM? (TAY e\ 4
Ly := — — | 0,0,
12 4728 ('rlM ) ¢
enyM? (7 cAM _4 cAMS e M3 .,
Lo := — - — HO “0.,H HO “P — HO_ =0z,
2 4728 (7'1 T @ + 858 * 473 @ e
M? [ Ax M
Loy =1+ 2 (22 - 55 Ho %o,
4728 \ 7y T

3.2.4. Eigenvalue calculation. The next step in applying Theorem 8 to (6 — ©,~v; —I') is to find ¢ that
—

yield zero eigenvalues of L.. To do so, we note the periodicity of (9 ,7) and examine the Fourier

coefficients of L.. Let p be a general 2m-periodic map with convergent Fourier series. Noting our

definition of 95 % (k) in (21), along with the elementary results

—

Dapt (k) = ikfi (k).
D2 (k) = —k27i (k) |

Hy (k) = —isgn (k) fi (k)
Pu(k) = (1~ (k) i (k) ,

we compute, for k # 0,

— nyM (7 cAMY\ 1 AM* 1 7 M? 1
Tn(k) =1— x_ 1 S €
11 (k) 47cS (7‘1 T ) |k‘3 + 84S k4 + An2 k2’
— nM? (A ¢\ 1
Lo (k) = S
12 (k) Z47r25 (TlM ) k3
— enyM? (7 cAM\ 1 cAMP®sgn(k) e M3 sgn (k)
Loy (k) =i - — — =1 —1 ,
4728 \7 ) k3 8758 k4 4m3 k2
— criM? (A cM 1
Loo (k) =1 el Al B
22 (K) + 4728 ( n ) |k

thus,
O] oy 7 | O] _ | En () Lo (k)| [0
Lo | L (k) =Le(k) | ~| = |== == i
v 5 Loy (k) Laz (k)| [
For k =0, 15:1 (k) =0, s0 Z; (0) = 1. Clearly, when k =0, 1 is an eigenvalue with multiplicity 2. For
k # 0, we compute the eigenvalues via Mathematica [33]. In this case, 1 is also an eigenvalue, as is
M?7 —2M3 4+ 2AcyM?1 — 72 M AM*
472 4738 8mdS

Note that Ay (c) is even with respect to k. Also, by basic Fourier series results, {1} U{\ (¢)}, constitutes
the point spectrum of L.. The eigenvector corresponding to Ag (¢) is

sgn(]lf/; i
v (¢) = l 01 ] , (32)

-2 U -3 —4
A (€) =14 |k ™" + |k| 77 + |k| ™" .

and thus,
1T

H}] exp (ika)  and [_1@ exp (—ika).
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are each eigenfunction of L. However, we can take real and imaginary parts of each and obtain eigen-
functions

(ER] w [ER]

Only the first is in ngr odd X Héer 0.even; thus, given our chosen function space, we have that the dimension

of the eigenspace of Ay (¢) is one. We can then drop the absolute values and state, for k > 0,

M?7 B2y —2 M3 + 2AcyM?1 — 2 M2 = AM*

Ak (c) =1+ 472 4738 84S

k4, (33)

We summarize the spectral results thus far, along with a few immediate consequences, below:

Proposition 12. Let L. be the linearization of (6,v1;¢) — (0 — O (0,v1;¢),m — L' (0,7;¢)) at (0,0;¢).
The spectrum of L. is the set of eigenvalues {1} U { A (¢) : k € N}, where i, (¢) is as defined in (33).
Each eigenvalue A € {\ (c) : k € N} of L. has algebraic multiplicity equal to its geometric multiplicity,
which we denote

Ny () :={k e N: A, (c) = M},
and the corresponding eigenspace is

7 sin (ka)

Ex(c) = Span{ [_ccjgs (ka)

] ik €N such that/\k(c):)\}.
Also, for fixed k, if the inequality
AM* + (=27 M7® + 24°57* M7%) k + 2M* 7 S71k* + 8n'Sk* > 0 (34)

holds, then the ¢ € R for which A (¢) =0 is

A~r AM* + (—29°M73 + 245* M73) k + 2M?72 ST k? + 874 Sk*
cy (k) = + , (35)
M 2kM3 7

and this zero eigenvalue has multiplicity No (cx (k)) < 2. Specifically, if we define the polynomial (inl)
p (k) == —AM* 4 2kix*S (4 (K* + kl + 1) 7° + M°7y) |

p (k) has a single real root (denoted I (k)), and we have No (c+ (k)) = 2 if and only if (k) is a positive
integer not equal to k.

Proof. The point spectrum of L., along with each FE) (¢) , was explicitly calculated above. The fact
that the the geometric and algebraic multiplicities are equal follows from the Fourier decomposition, as
calculated above, and the diagonalizability of Zz (k) for each k.

The result (35) follows from an easy computation, as A (¢) is quadratic in ¢. Next, we wish to make
statements about the multiplicity of the zero eigenvalue A\i (¢4 (k)). Using (33) and (35), we compute

k—1) (—AM* + 2kim?S (4 (k* + kl + 1?) 7% + M*r
(e (1) = - B2 a6 ) ) (36)
8kl*mtS
Obviously, A; (cx (k)) = 0 when [ = k . The other factor in the numerator of A; (cx (k)) is precisely the
polynomial p defined above, which is cubic in [. Using Mathematica, we compute its three roots and
label them I; (k), l2 (k), I3 (k):
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1/3 2/3
—B+ 435508 (C+3v3VD) T+ (2282 (C +3V3VD))
I (k) := I
/3 ’
1274/3 (kS)*/3 (C + 3%5@)

2B — 8k8/374/355/3 (C n 3\/§\/5) Vi (%252 (C n 3@@))
247 (kS)>/? (c + 3\/5@) v ’

2/3

Iy (k) :

I3 (k) == l2 (),
where
z:=14iV3,
B:=2.21/3}26? <8778/3k2 + 3M27r2/371) ,
C :=2TAM* 4 56k* 7S + 18k? M?7% Sy,
D := 2TA2M? + 4k°725? (3K n® + M>m) (4k2x® 4+ M27)°
+4AK* M 7S (28k>m® + 9M 7).

We see D > 0 given the nature of the constants in our problem; also, we have B, C € R, so I3 (k) is real.
For I3 (k) to be real, we would need

Im {ZB —7 (2287 (0+ 3\/?7@))2/3] ~0.
But,
Im {zB —z (2282 (O + 3\/5\/5))2/3]
=3 {B + (2k25% (0 + 3\/3@))2/3] .
Thus, for Iy (k) to be real, we would need

B=— (2k252 (O + 3\/5\/5))2/3 .

Since S > 0,k > 0, we see that B is always positive, yet the right-hand side is always negative (recall
that D > 0). Thus, ls (k) (and, subsequently, I3 (k) as well) necessarily has nonzero imaginary part and
hence cannot be an integer. Therefore, when counting the multiplicity of zero eigenvalues of L., we only
need to consider the real root l; (k), which we label as I (k) . Given k such that (34) holds, we have that
No (c+ (k)) < 2, since p has one real root [ (k).

If (k) # k is a positive integer, then we clearly have Ny (c4 (k)) = 2 (since in this case both k
and [ (k)—and only these two positive integers—correspond to the same zero eigenvalue). Conversely,
if No(cx (k)) = 2, then the right-hand side of (36) must have a positive integer root [ # k, and we
established that such [ must be the real root [(k) of the polynomial p. O

Remark 13. This work focuses on the Ny (c+ (k)) = 1 case; the necessity for this is seen in Sect. 3.2.5. In
a companion paper [5], we study the Ny (cx (k)) = 2 case.

With this spectral information at hand, we are now ready to make some statements about the crossing
number of L.
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3.2.5. Necessary and sufficient conditions for odd crossing number.

Proposition 14. Fiz constants A € [-1,1],57 € R and S, 71, M > 0. Define the mapping (0 — 0,y —T) as
before, and let L. be its linearization at (0,0;¢). Given fized k, define c+ (k) and (k) as in Proposition
12. Further, put

K :={keN: AM* + (-27°Mn® + 2A°7*M7*) k + 2M°7*S71k* + 87" Sk* > 0 (37)
and 1 (k) ¢ N\ {k}}.

Then, L. has an odd crossing number (specifically, the crossing number is one) at ¢ = cx (k) (which is
real) if and only if k € K. Furthermore, |K| = occ.

Proof. First, assume k € K. The first condition in the definition of K ensures (34) holds in Proposition
12, so we have that ¢ = ¢4 (k) is real and yields a zero eigenvalue of L., so Ny (c+ (k)) > 1. The second
condition ensures that Ny (cx (k)) < 2 by the last conclusion of Proposition 12. Thus, Ng (¢t (k)) = 1.

For a direct calculation of the crossing number, we examine a perturbation of this zero eigenvalue,
computed via Mathematica:

Ak (cx (k) +¢) = (38)

Tokersg 2k M
M3,
FYEREYS
Note that this expression is exact, since from (33) we have that Ay (¢) is quadratic in ¢. Also, in the
leading-order term of (38), the expression under the radical is identical to that which is under the radical
of (35); yet, we have a strict inequality in the first condition in the definition of K. Thus, since this
leading-order coefficient is positive, we see that Ag (c+ (k) + €) changes sign as € passes over zero. Since
we have a multiplicity of one, we see that there is an odd crossing number at ¢ = ¢4 (k) from a direct
application of Definition 6 (and this crossing number is in fact one, as exactly one eigenvalue, counted
with multiplicity, is changing sign as € passes over zero.

Now, assume an odd crossing number at a real ¢ = ¢y (k) for some k € N. By definition of ¢4 (k), we
have Ny (c+ (k)) > 1, and by Proposition 12, we have Ny (¢4 (k)) < 2. Thus, either Ny (cx (k)) =1 or
No (ex (k) = 2. We show that the former implies & € K, and that the latter leads to a contradiction.
In the case Ny (cx (k)) = 1, we necessarily have [ (k) ¢ N\ {k}; otherwise, the multiplicity would be 2.
Moreover, ¢y (k) must be real, and since the crossing number is odd, A (cx (k) 4+ ¢) (which is the only
eigenvalue perturbing from the zero eigenvalue, assumed in this case to be of multiplicity 1) must change
sign as e passes over 0. Thus, by the same calculation (38), we need the leading-order term to be nonzero,
which forces the strict inequality in the first condition in the definition of K. Thus, we have k € K.

If Ny (cx (k)) =2, then clearly I (k) # k is a positive integer. A Mathematica calculation shows

(k — (k) (—AM* + 2k 1(k)72S (4 (k2 + k1(k) + [1(k)]?) 72 + M27,))
8k [1(k)[* 7S

e \/ AMA + (272 M3 + 242572 M3) | + 2M272S7 k2 + 8745k
g

Niw) (cx (k) +e) = — (39)

M3 \/AM4 + (—27*M73 + 2A27* M n3) k + 2M2m2 ST k? + 874 Sk*
F 3

2(k))Bm3S 2kM3m

M,
—— g,

4[l(k))Pm3S

As expected, the zeroth-order (in €) term of (39) is precisely Ay (c+(k)) (see (36)), which vanishes by
definition of (k). Then, we can see that the first-order term of (39) is real and nonzero if and only if the
first-order term of (38) is real and nonzero. Thus, as € passes over zero, either (i) both A (cy (k) + )
and Ay (c+ (k) +¢) change signs, or (ii) neither of them change signs. In either case, we cannot have
an odd crossing number, which contradicts our assumption.
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Finally, we need to show that |K| = oo. First, we see that 8745 is positive, so for sufficiently large
k, the first condition in the definition of K is satisfied. For the second condition, we need to check the
behavior of [ (k). Perform the substitution £ = 1/§ (6 > 0) and examine the Taylor series expansion of
1(1/6) about 6 = 0 (computed via Mathematica):

1\  AM* 5
l(5>_87r455 +0 (0°).

We see that

SO

klim l(k)y=0
as well. Thus, for sufficiently large k, the second condition in the definition of K holds. Since both the
first and second conditions hold for sufficiently large k, we have that | K| = co. O

Remark 15. There are other, “indirect” methods for providing sufficient conditions for an odd crossing
number. One result, which appears in [17], states that if 0 is a geometrically simple eigenvalue of
D,F (0,¢p), and

<Q L;chmF (0, c)] _) v £ 0, (40)

where v is an arbitrary element of the null space of D, F (0,¢g) and @ is the projection onto the cokernel
of D,F (0,¢p) (note the dimensions in this case are such that the left-hand side is a scalar quantity),
then D, F (0,c¢) has an odd crossing number at ¢ = ¢y. For our problem, we note that for matrices A,
coker(A) = ker (A*), and thus, we examine

i (o) ([jf ® (co>> ()

where vy, (cp) is as defined in (32), wy (¢p) is the eigenvector corresponding to the zero eigenvalue of
[fc\o (k)} , and the dot indicates the usual Euclidean dot product.

We arrive at precisely the same condition for (41) to be nonzero as the strict inequality in the definition
of K (37). This, coupled with the assumption that the null space is in one dimension, allows us to conclude
that if £ € K, then the crossing number is odd. Unfortunately, (40) is stated as only a sufficient condition
for odd crossing number, and so we could not conclude the “only if” direction of Proposition 14 by using
this method alone. Because of this, and because the nature of the problem fortunately allowed for the
method to be manageable and conclusive, we favored a “direct” verification of an odd crossing number
(namely calculations (38) and (39)).

3.2.6. Global bifurcation conclusion. We can now apply Theorem 8 and cast the conclusions of this
abstract theorem in the language of our problem.

Theorem 16. Define Uy := Up n>0Up, 1, where Uy, is as defined in (30). Let S C Up,o be the closure (in
2., oda % Hper0,cven X R) of the set of non-trivial (i.e., 6,y are not both zero) solutions of the traveling
wave problem (0 — © (0,v1;¢),v1 — T (0,71;¢)) = 0. Furthermore, let cx (k) and K be as in Propositions
12 and 14. For fizred k € K, define Cy (k) to be the connected component of S that contains (0,0; c+ (k)).

Then, one of the following alternatives is valid:

(I) Cy (k) is unbounded; or

(I1)  Cy (k) =Cy (j) or Cx (k) = C_(j) for some j € K with j # k; or
(III)  Cy (k) contains a point on the boundary of Up .
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Proof. Assume k € K. Given b, h > 0, we have by Proposition 11 that (©,T") is compact on Uy, j,, and by
Proposition 14, there is an odd crossing number of the linearization at ¢ = cy (k). Since the conditions
for Theorem 8 are met, we can conclude that one of the outcomes (i), (ii), (iii) in the conclusion of
this theorem occurs (using U = Uy ;). The outcomes (i) (ii) correspond exactly with outcomes (I), (II)
above. Taking a union over all b, h > 0, outcome (iii) yields outcome (III) above via a simple topological
argument. O

3.3. Proof of main theorem

We are now ready to prove Theorem 4. With the bifurcation results of Theorem 16 at hand, this proof
will largely be comprised of matching the outcomes (I)—(IIT) above with the outcomes (a)—(e) in Theorem
4. Many of these conclusions can be reached through arguments identical to (or closely analogous to)
those in [10].

Proof. First, note that Proposition 14 gives us that || = co; hence, by Theorem 16, we have a countable
number of connected sets of the form Cy (k) (k € K) that satisfy one of the outcomes (I) — (III).

We can immediately see that outcome (IT) means (e).

Next, consider outcome (IIT). Recall the definition of Uy o in Theorem 16, and note that we can write

Uo,o = {(0,71;0) €X:cosf>0,Z[0] € C? and Z[O (0,71;¢)] GC’S},

)

where

— g2 1
X = H2,, o4 ¥ H} x R.

er,0,even

Outcome (ITI) means either cosf = 0 or Z[0] = Z[O (0,~1;¢)] ¢ C3. As in [10], cos = 0 implies (a). If
VA [0] ¢ C§, we have that the interface self-intersects by the same argument as in [10] (the s = 5 regularity
does not affect this argument). This is outcome (d).

Outcome (I) (i.e., unboundedness of the solution set) can lead to more outcomes in this main theorem.
If C4 (k) is unbounded, then it contains a sequence of solutions (6,,,71,n;¢y) in U such that

lim(leal + 10nllzz,, + I2llys, ) = oo (42)

n—oo

We first note that, as in [10], if (a) does not hold, then o, is bounded above independently of n. For the
remainder of this proof, assume (a) does not hold, and hence, o, is bounded above independently of n.
At least one of the three terms of (42) must diverge; we subsequently examine each case.

If |¢,| — oo, yet ||9"||H§er + ”’YLHHH;H is bounded, then either 7 # 0 or A # 0 is violated as in [10]
(vet |en| — oo is outcome (f), which may be possible, independent of the other outcomes, when 7 = 0
and A =0). To see this, first recall that (17) implies

|len, sin (Gn)HHz = ||Re (W:Nn)HH2 :

Lemma 5 of [10] shows us that the right-hand side is bounded, so we have that ¢, sin (6,,) is bounded in
H?. Since by assumption |¢,| — oo, this forces [|sin (6,,)|| ;7= to approach 0; then, by Sobolev embedding,
we have sin (6,,) — 0 uniformly. Thus, 6,, must converge to a multiple of 7; but, by continuity and the
fact that 6 is an odd function, we have 6,, — 0 uniformly, and clearly |cos (6,,)| — 1 (uniformly) as well.



141 Page 20 of 27 B. F. Akers, D. M. Ambrose and David W. Sulon ZAMP
Now, recall (11):

S 362000 240
0 = *77_10’2 (aég + 72 - 7'10'290«)¢> - 7_1 (COS a)a

+Ti1 ((ccos@ —Re (W™T'))7),,

A (W +20sinf + 00, {(ccos@Re(W*T))2}) ,

51 4o

or

020 302040 ~
0=2S9 <_02 g7 + Tleaa) —2A0 (cos9),,

+ ((ccos@ — Re (W*T))~),
aa 2 2 . *
—24 (fj) +o%sinf + %U@a {(ccos@ —Re (W T))2}> .

We integrate twice with respect to a and substitute our sequences of solutions:

[e3 [}

2 3 ~
0=3S —80‘9" —/(8a0n) da + 710, —2Aan/cosenda

2 2
o2 20

e}

+ / (cn cosly, —Re (W*T)) ypda
i Lyn 2 i : In * 2
—2A4 . +o; [ sinf,da+ - (cncos, —Re(W)T,)) do.
On

Given that ||0,]| 42 is bounded, we have that
Ber

920, 7 (0ab)?

O’% 20’2 da —+ 711 9n
is bounded in L2, as is the “mass” term
QAVO'n/COS 0, da.

Thus,

/ (cncosby, —Re(W*T)) ypda (43)

1 ’7721 2 . On * 2
—2A . +o;, | sinf,da+ 7(cn cos B, — Re (W:T,)) da
on

must be bounded in L2 .
Now, assume that A = 0. With this assumption, we are left with the conclusion that

[e3

/ (cn cosp —Re (W*T)) vy, de
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is bounded in L2 Again, Lemma 5 of [10] shows Re (W*T) is bounded in Hper, so since 7, is also

per*

assumed to be bounded in H!

pers We have that

e}

/Re (W*T) ~, do
is bounded in ngr and hence is also bounded in Lf)er Thus,

/ ¢ cos (0,) v da

is subsequently bounded in Lper as well. Since |¢,| — oo, this forces

/'yn dao— 0 (m Lger) .

However, we can write v,, = 71, + 7, where 7, ,, has mean zero. Since

et
/’Yl,nda —0 (ln leaer) ’

we need
«

/fyda =~5o — 0 (m Lfmr) .

This forces 7 = 0.
Now, suppose A # 0. Divide (43 ) by ¢2:

/a <1 cos b, cln Re (W™ T)> Ynda (44)

1 92 02 i
—2A sinf,, do + —= (¢, cos b, — Re (W T,))* | b dov.

2 2
8¢ 20n cn 20n

Since (43) is bounded in L?
that all, but possibly

er» We have that (44) must approach 0. Examining each term of (44), we see

/202 (¢ cos by, — Re (W:T,))? da

clearly approach 0. After expanding the integrand, we see that all terms would in fact approach zero on
their own merit except for the leading-order (in ¢,,) term

«

1
/—c cos? f,da = 5/0nc0s2 0,da.

Since all other terms of (44) approach zero, this forces

[e3

% /on cos? 0,da — 0.

Thus,
o cos? 0, — 0,
which is a contradiction, since |cos,| — 1 from earlier.

In whole, we have a contradiction between the statements (i) |c,| — oo, but [|0n|l g2+ [[Vinll 42
per per
is bounded, and (ii) either ¥ # 0 or A # 0. Thus, if we assume either ¥ # 0 or A # 0 and |¢,| — oo,
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we must necessarily have [|0, | ;2 + |71, 5 additionally unbounded; hence, in this case, outcome (f)
per per
implies other outcomes as in [10]. But, if both A = 0 and 7 = 0, we do not exclude the possibility
len| — 00, but (|05l 72+ V1,0l 52 is bounded, so we list (f) as another possible outcome.
per per
With the case |¢,,| — oo handled, we now turn our attention to the case in which ||6,, | ;> (the second
per
term of (42)) diverges. This means that one of 6,,, 940, or 926, diverges. Recall that x () = 0,0 () /o,
80 Ouk (o) = 026 (a) /o Since
2

27mcos 6 = /cos 0 (a))da’ = —,
o
0

we cannot have o, — 0. Since g, is bounded above as well, then if 32971 diverges, then so does the
derivative of curvature. This is outcome (b).
Finally, it is shown in [10] that |[y1,,| ;1 — oo implies either outcome (a) or outcome (c).
per

Note that if curvature or the jump of the tangential component of fluid velocity themselves is arbitrarily
large, then (respectively) (b) or (c) occurs as well, so we omit these as separate outcomes. O

In the next section, we proceed to numerically compute some of these diverse solution curves.

4. Numerical methods and results
4.1. Methods

For our numerical computations, we employ methods very similar to those in [2]. Our computations use
the version of our equations given by (12) and (17 ). We specify the horizontal domain width M = 27
(a € [—m,7]) and project each of 6, onto a finite-dimensional Fourier space:

k=N k=N
0 (a) = Z ay exp (tka) , v (a) = Z by exp (tka) .
k=—N k=—N

As in the formulation of our problem, we work with odd, real § and even, real 7. This forces a_j, = —ay,
(so ap = 0) and b_j, = by (and clearly by = 7). Thus, with 7 specified a priori, we can see that a
traveling wave solution (0, v; ¢) is determined by the 2N coefficients ay, . ..,an, b1, ..., by, along with the
wave speed c¢. To solve for these 2N + 1 values, we project both sides of Egs. (12), (17) onto each basis
element exp (ika), 1 < k < N. This yields a system of 2N algebraic equations; to complete the system,
we include another equation that allows us to specify the amplitude of the solution.

The most difficult, non-obvious portion of the computation of these algebraic equations is, perhaps,
the computation of the Birkhoff-Rott integral W* in Fourier space. However, as in [10] (and what was
used in our “identity plus compact” formulation (27), (28)), we can write W* as the sum

ol
W = 2H<za) + K [2] v,

where, as before, H is the Hilbert transform, and the remainder K [z] v can be explicitly written as
2

1 1 1 1
K[z]7 (o) = y PV/'y (') [cot (2 (2 () — 2 (a’))) ~ B (ol cot (2 (o — o/))] do’.
0
The Hilbert transform H is easily computed in Fourier space, as

Hpy (k) = —isgn (k) i (k).
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FIG. 1. An example computation of an entire branch of traveling waves, with S = 0.25, 71 =2, A =1, and A = 0.2. A
sampling of wave profiles at different locations on the branch is depicted in the left panel. These profiles are marked with
stars on the speed amplitude curve in the right panel. The branch terminates with a self-intersecting profile

The remainder K [z]v is computed with the trapezoid rule, in an “alternating” sense (i.e., to evaluate
this integral at an “even” grid point, we sum the “odd” nodes, and vice-versa).

We proceed to numerically solve these 2N + 1 algebraic equations with Broyden’s method (a quasi-
Newton method which approximates the Jacobian of the system with a rank-one update to the Jacobian
at the previous iteration; see [13]). A small-amplitude solution to linearized Eq. (31) (with linear wave
speed cy given by (35)) is used as the initial guess for Broyden’s method, where amplitude (displacement)
is specified as the y-coordinate of the free surface at the central node x = 0. After iterating to a solution
within a desired tolerance, we record the solution.

Then, as is typically done in these types of continuation methods, we look for more solutions along
the same branch by perturbing the previously computed solution by a small amount in some direction
and then using this perturbation as an initial guess for the next application of Broyden’s method. The
perturbation direction is called the continuation parameter. We begin using total displacement as the
continuation parameter. If a given “step size” of displacement does not yield convergence, then we
choose a smaller (i.e., halve the previous step size) perturbation from the last known solution as an initial
guess. However, if the step size drops below a given threshold, we switch to using a Fourier mode as our
continuation parameter. If the step size for this continuation process becomes to small, we subsequently
continue in higher Fourier modes.

We follow a branch of solutions until the solution self-intersects (i.e., outcome (d) of Theorem 4),
returns to the trivial solution [i.e., outcome (e)], or becomes to large to resolve [evidence of outcome (a)].
After any such termination criterion is achieved, we cease the continuation process and record all solutions
along the branch. An example of a computed branch of waves which terminates in self-intersection is shown
in Fig. 1.

4.2. Results

In this section, we present computations of global branches of traveling hydroelastic waves. Global
branches are computed which terminate in a self-intersecting profile, as well as branches whose most
extreme representative is a stationary wave, ¢ = 0. We pay particular focus to the role of A, a proxy for
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F1G. 2. An example of a profile just before the self-intersecting configuration, for the branch of waves in Fig. 1. The wave
is depicted in the left panel. The right panel depicts the Fourier modes of the displacement, when N = 128 points, marked
with green plus signs, and N = 256 points, marked with orange circles

the mass of the ice sheet. This parameter was chosen as it appears only in the nonlinearity; the linear
speeds and infinitesimal profiles are independent of A. To avoid searching a vast parameter space, we have
restricted M =27, 5 =0, S =1/4, 7 = 2 and A = 0 (density-matched fluids) or A = 1 (hydroelastic
water waves). A parameter study of the dependence on A and 7 exists for the non-elastic problem in [4].

The quasi-Newton iteration described in the previous section uses an error threshold of 10~?, approx-
imately the size of the floating point errors in approximating the derivatives in the Jacobian matrix of
the quasi-Newton iteration via finite difference approximations. The error is defined as the infinity norm
of the Fourier modes of the projection of (12) and (17). The bulk of the numerical results use N = 128
points to discretize the interval of the pseudo-arclength o € [0,27). When N = 128, the most extreme
waves computed have Fourier modes which decay to approximately this threshold; thus, the choice of our
discretization and error threshold is self-consistent. As a check to see that the waves at this resolution
are resolved to the reported threshold, we also computed a single, representative branch at N = 256.
The waves profiles agree within the expected threshold; the Fourier modes of the extreme wave on this
branch are reported at both resolutions which are shown in the right panel of Fig. 2. The profile used for
this comparison is reported in the left panel of Fig. 2.

From the perspective of the global bifurcation theorem, self-intersecting waves result in a branch
terminating at finite amplitude, case (d) of the theorem. Stationary waves signify a return to trivial, case
(e) of the theorem. At a stationary wave, a branch of waves with positive speed is connected to a branch
of traveling waves with negative speed. This setup can equally be interpreted as a branch which begins at
one flat state configuration with one speed and terminates at another flat configuration with a different
speed.

We have numerically computed two examples of bifurcation surfaces, composed of a continuous family
of branches of traveling waves with varying A. These bifurcations surfaces are presented in Fig. 3. As
extreme examples, we computed bifurcations surfaces with A = 0, the density-matched case, and A =1
where the upper fluid is a vacuum. Each wave on these surfaces has the same values of S = 0.25 and
71 = 2. We present these surfaces in the three-dimensional space of ¢, A, and total displacement h =
max(y) — min(y). We chose to compute the surfaces for varying A, because the linear wave speeds don’t
depend on A. Thus, the changes in the surface for different A are fundamentally due to large-amplitude,
nonlinear effects. In both computed surfaces, (A = 0 and A = 1), we observe that for small A, branches
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15

10

A

F1a. 3. Two examples of bifurcation surfaces are depicted in the parameter space of /], ¢, and the total interface displacement
h = max(y) — min(y). These waves were computed with S = 0.25, 71 = 2 and A = 1 (left panel) and A = 0 (right panel).
Branches with small A, in the back of the figure, terminate in self-intersecting waves, whose locations are marked with black
triangles. In both cases, there is a critical A, corresponding to a switch from branches which terminate in self-intersecting

waves to those which end in stationary waves, whose locations are marked with red stars. The stationary waves mark the

merger of the surfaces of positive and negative speeds
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F1G. 4. Numerical evidence of a branch of waves which contains interfaces of arbitrary length, case (a) of the main theorem.
In the left panel, the displacement of the largest wave, h, for A = 0,5 = 0.25, and 71 = 2, is depicted as a function of

A. Numerical computations are marked, either self-intersecting waves or stationary waves, using the marking convention
in Fig. 3. As a guide, the value h = 54~ 1/2 is marked with a solid line; waves exist in the shaded region. In the center
are profiles computed at (A, A,S,71) = (0,0,0.25,2); no evidence of a largest profile was found. On the right is the speed
amplitude curve, with a logarithmic horizontal axis, for the same configuration as the center. The speed limits on a finite
value; thus, this is not case (f)

of traveling waves terminate in self-intersection. After some critical A, the extreme wave on a branch is
a stationary wave; the branches of waves with positive speed are connected to branches of waves with
negative speed, a “return-to-trivial” global bifurcation.

In addition to computing bounded branches of traveling waves, we observe evidence of an unbounded
branch. In the case where the fluid densities match A = 0 and the interface has no mass A = 0, we found
no evidence of a largest wave. Considering the limit as A — 0, we observe a largest self-intersecting wave

with total displacement h ~ A~1/2 suggesting that wave when A — 0, the interfaces can be unboundedly
large. This behavior is depicted both in the right panel of Fig. 3 and in the left panel of Fig. 4.
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In search of an unbounded branch of traveling waves, we computed a branch of traveling waves in the
configuration, (4, 4,5, 1) = (0,0,0.25,2). The results of this computation are in the center and right
panels of figure 4. In the center panel are examples of increasingly large profiles of traveling waves. We
observe no evidence of a largest profile or any tendency toward self-intersection. The speed’s dependence
on displacement is depicted in the right panel of Fig. 4. The speed limits on a finite value, as the profiles
become arbitrarily large. We consider this configuration an example of case (a) of the main theorem.
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