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Abstract
The bifurcation structure of small amplitude bimodal periodic traveling
capillary–gravity waves is discussed in a family of model equations. Wilton
famously described this bifurcation when the two modes are in (1:m) harmonic
resonance. He observed that branches of nonlinear solutions bifurcate from lin-
ear waves only near particular superpositions of the two harmonics. Recently,
sheets of traveling ripples have been proven to exist near the resonant config-
uration with all but two ratios of the two modes, even in presences of (1:m)
harmonic resonance. This paper addresses how Wilton’s branches of ripples
are embedded within the sheets of bimodal ripples both asymptotically and
numerically.
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1. Introduction

The bifurcation structure of approximately bimodal (1:m) resonant periodic traveling waves in
a family of weakly nonlinear models is investigated. The motivating equations model gravity–
capillary water waves, for which these bimodal waves are historically referred to as Wilton
ripples [1, 2]. Wilton noticed1 that a singularity in Stokes’ expansion for traveling periodic
water waves could be resolved with a Lyapunov–Schmidt procedure, using corrections to the
ratio of two harmonics along with corrections to the wave speed to satisfy solvability con-
ditions. Wilton’s framework has since been used to generate high order approximations [4],

1 Harrison studied Wilton ripples slightly before Wilton did [3].
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create numerical methods [5], and prove the existence of waves [6] and the analyticity of solu-
tion branches [7]. Wilton ripples have been computed in the water wave equations [8] and in
approximate models [5, 9]. Most analytical studies focus on the case where the twomodes take
part in a second harmonic, that is a (1:2) resonance [10, 11]. The asymptotics of these waves
grows more complicated with increased frequency difference. High frequency Wilton ripples
were studied using Wilton’s expansion in [12] and recently proven to exist in the Kawahara
equation [13]. Experimental studies have been conducted for both the second harmonic and
some higher frequency resonances [14–16]. The stability of these ripples has been studied
numerically [17], and similar expansions have been used to study the spectrum of Stokes’
waves [18–21].

In the last fifteen years, a number of authors have proven the existence of bimodal trav-
eling waves using a combination of Lyapunov–Schmidt procedure and the implicit function
theorem [22, 23]. Bimodal traveling waves have been shown to bifurcate from the resonant
linear configuration in the gravity–capillary Whitham equation, using the Bond number as a
bifurcation parameter rather than the ratio of the two primary modes [24]. The proof in [24]
yields a proof of existence of sheets of traveling waves (rather than discrete branches), for all
but two ratios of the two modes. This technique has also been applied to internal waves [25]
and hydroelastic waves [26, 27].

In the gravity–capillary wave problem, the Bond number σ = τ
ρgL2 measures the relative

importance of surface tension, τ , to gravity, g, with ρ the density2 and L a characteristic
lengthscale [28]. The proof technique in [24–26] gives existence of branches of waves with all
but two ratios of the two leading harmonics by allowing the Bond number to vary. Since clas-
sic Wilton ripples have fixed Bond number, it is not obvious that these sheets of waves include
the classic Wilton ripple branches. For example, it would be possible based on the arguments
in [24–26] that no bimodal waves with fixed Bond number exist.

The (1:2) resonant classic Wilton ripples have been shown to both exist [6] and be para-
metrically analytic [7] in the models equations discussed here. The proof technique in [7] is
significantly more complicated for the (1:m) resonant Wilton ripples for m>2. The variable
Bond number proofs in [24–26] handle m>2 smoothly. The latter proof technique would thus
be preferable to investigate the existence of high frequency resonant Wilton ripples in the
venues where there existence is unknown, if only one could be sure that fixed Bond number
branches were embedded within the sheets of waves.

In this work we study how the fixed Bond number branches of waves are embedded in the
sheets of ripples. The asymptotics of branches bimodal resonant waves with fixed Bond num-
ber and sheets of waves with varying Bond number are developed and compared to numerical
computations of the same. The classic branches of Wilton ripples, with fixed Bond number,
are observed to be embedded within the sheets. As a venue for this study, the following family
of weakly nonlinear models is used,

cux−Lux+
(
u2
)
x
= 0. (1)

The operator L is defined via its multiplicative Fourier symbol, L̂(u) = cp(k)û. The speed,
cp(k) is assumed to be a real, non-monotonic even function. Examples of model equations
include the Kawahara equation cp(k) = k2 −σk4 [29, 30], the Akers–Milewski equation
cp(k) = |k|−1 +σ|k| [31, 32], and the deep-water capillary–gravity Whitham equation cp(k) =

2 Or density difference in internal wave problems.
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Figure 1. The small amplitude wave profiles on a sheet of triad ripples, n= 2, for β1 =
tan(θ) for θ ∈ (π/2,π/2), normalized by their maximum. The classic Wilton ripples
are marked with thick solid black lines.

(
|k|−1 +σ|k|

)1/2
[33, 34]. Asymptotic expansions of bimodal waves in the (1:m) harmonic res-

onant configuration will be developed. The form of the expansion when the Bond number is
constant is contrasted to when the Bond number varies.

The paper is organized as follows. In section 2, the leading order asymptotics of (1:m)
resonant traveling periodic ripples are developed. The asymptotics are developed with fixed
Bond number as well as with varying Bond number. In section 3, a numerical quasi-Newton
continuation procedure is described. Continuation procedures which mimic the asymptotics
are used to calculate both sheets and fixed Bond number branches of waves. Conclusions and
implications are presented in section 4.

2. Asymptotic expansions

Resonant bimodal waves, with two co-propagating modes, at frequencies k= 1 and k=m,
have asymptotics which begin

u= ϵ(cos(x)+β1 cos(mx))+O
(
ϵ2
)
=

∞∑
n=1

unϵ
n, c=

∞∑
n=0

cnϵ
n.

That the lower frequency wave has frequency k= 1 is a definition of the period cell, and would
be part of the definition of the Bond number in the physical problem. The size parameter ϵ is
defined so that the solution has Fourier transform with û(k= 1) = ϵ/2. Thus the only term in
the series which has nonzero projection onto cos(x) is u1. All later orders are orthogonal to
cos(x). The parameter β1 is the ratio of the amplitudes of the two modes in u1. Examples of
such waves are plotted in figure 1.

This work studies the (1:m) harmonic resonant case, where the second frequency is an
integer multiple of the first. These are the waves for which a classic Stokes expansion is sin-
gular. The circumstance where the two wavenumbers do not divide one another has also been
studied [24–26]. When k= n and k=m with n

m /∈ Z, a classic Stokes’ wave expansion allows
for waves which are supported solely at either frequency. Allowing the Bond number to vary
near such a configuration allows for arbitrary superposition of the two modes [24–26]. Such
waves are not in harmonic resonance and will not be considered here.

3
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The linear O(ϵ) problem allows for arbitrary β1 and c0 = cp(1). In order for the two modes
to co-propagate, one requires cp(1) = cp(m). The remainder of the expansion depends on
which parameters vary with wave amplitude. We consider two expansions, when the Bond
number is held constant, as in [1, 2, 6, 7], and when it is permitted to vary, as in [24–26]. Both
expansions will be calculated in the integrated form of (1),

(c−L)u+P
{
u2
}
= 0. (2)

The constant of integration is set to zero. Nonzero values for this constant can be absorbed by
redefining the speed and mean. The operator P is the projection which removes the mean.

2.1. Wilton ripples

The classic choice is to keep the Bond number fixed, and allow the ratio of the elements of the
kernel of the operator, (c0 −L), to vary along the branch [1–3]. Another common choice is
to focus on the case where the two co-propagating modes have wavenumbers k= 1 and k= 2,
the triad ripple, a (1:2) resonance [10, 35], which we consider first. The asymptotics can be
calculated in the following series expansion for u(x),

u= ϵ(cos(x)+β1 cos(2x))+ ϵ2 (u2,p+β2 cos(2x))+ ϵ3 (u3,p+β3 cos(2x))+ ...., (3)

in which un,p are orthogonal to both cos(x) and cos(2x). This series implicitly defines ϵ as
the projection of the solution onto cos(x), and β =

∑∞
n=1 ϵ

nβn the projection onto cos(2x).
The projection onto cos(x) is chosen instead of the projection onto cos(2x) as the former is
presumed nonzero when in the definition of the period cell. This definition is convenient for
the asymptotics; one does not need to include cos(x) terms at each correction order. If one
instead makes the more general choice,

u=
∞∑
n=1

ϵ̃n
(
ũn,p+αn cos(x)+ β̃n cos(2x)

)
,

the transformation

ϵ=
∞∑
n=1

ϵ̃nαn,

results in a solution of the form of (3).
The full series can be formally computed via Lyapunov–Schmidt reduction, the βn and cn

are used to satisfy solvability conditions. First, the O(ϵ2) problem is

(c0 −L)u2,p =−c1u1 −P
{
u21
}
. (4)

The operator (c0 −L) is self-adjoint, with null space {cos(x),cos(2x)}. Defining the inner
product,

⟨f,g⟩= 1
π

ˆ 2π

0
fgdx,

the solvability conditions for (4) are

c1 +β1 = 0 and c1β1 + 1/2= 0.

4
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Equation (4) is thus solvable only when for β1 =±
√
1/2,c1 =∓

√
1/2. Later orders have

linear solvability conditions, see [4, 5]. The series is summable and thus these branches are
parametrically analytic [7]. The important feature for later comparison is that only two values
of β1 are permitted when the Bond number is fixed.

2.2. High frequency ripples

When a Wilton ripple has higher frequency resonant mode, m>2, the amplitude of this mode
is determined at O(ϵ3). In this case, the solution has form

u= ϵ(cos(x)+β1 cos(mx))+ ϵ2 (u2,p+β2 cos(mx))+ ϵ3 (u3,p+β3 cos(mx))+ . . .

The O(ϵ2) equation is

(c0 −L)u2 + c1u1 +P
{
u21
}
= 0,

which is solvable when c1 = 0 for arbitrary β1. The correction u2 is

u2 = β2 cos(mx)−
cos(2x)

2(c0 − cp (2))
− β1 cos((m+ 1)x)

c0 − cp (m+ 1)

− β1 cos((m− 1)x)
c0 − cp (m− 1)

− β2
1 cos(2mx)

2(c0 − cp (2m))
.

The O(ϵ3) equation is

(c0 −L)u3 + c2u1 + 2P{u1u2}= 0.

The solvability conditions are

c2 =
1+β1δm,3

2(c0 − cp (2))
+

β1δm,3 +β2
1

c0 − cp (m− 1)
+

β2
1

c0 − cp (m+ 1)

and

c2β1 =
δm,3

2(c0 − cp (2))
+

β1

c0 − cp (m+ 1)
+

β1

c0 − cp (m− 1)
+

β3
1

2(c0 − cp (2m))
,

in which δm,3 is a Kronecker delta function. These solvability conditions imply a cubic equation
for β1, (

1
c0 − cp (m+ 1)

+
1

c0 − cp (m− 1)
− 1

2(c0 − cp (2m))

)
β3
1

+ δm,3

(
1

2(c0 − cp (2))
+

1
c0 − cp (m− 1)

)
β2
1

+

(
1

2(c0 − cp (2))
− 1
c0 − cp (m− 1)

− 1
c0 − cp (m+ 1)

)
β1

+ δm,3

(
1

2(c0 − cp (2))

)
= 0. (5)
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Figure 2. Examples of waves from three branches of high-frequency Wilton ripples
with m= 3 in the deep water gravity–capillary Whitham equation, normalized by their
maxima.

For m> 3 this cubic is simple to factor, with roots β1 = 0 and

β1 =±

√√√√√
(

1
2(c0−cp(2))

− 1
c0−cp(m+1) −

1
c0−cp(m−1)

)
(

1
2(c0−cp(2m))

− 1
c0−cp(m+1) −

1
c0−cp(m−1)

) . (6)

For the named models (the Kawahara equation, the deep water gravity–capillary Whitham
equation, and the Akers–Milewski equation), the two non-zero values of β1 are both are
observed to be imaginary for m ∈ [4,10]. It is possible for β1 to be real and nonzero for m>3;
The toymodel L̂=−|k|+σ|k|3 withσ = (n2 + n+ 1)−1, supports two real valueswhenm= 4
with β1 ≈±0.2143. When the asymptotics allow only a single real value of β1, they predict
a single branch of waves bifurcating from the flat state. This branch may contain support at
wavenumber k=m, but not at leading order in ϵ (for example β3 may be nonzero but not β1).
Examples of wave profiles with m=3 are in figure 2.

Throughout this work we ignore the branches of Stokes waves at wavenumber k=mwhich
have no support at wavenumber k= 1. We argue that these waves have a smaller fundamental
period, which would be reflected in the definition of the Bond number. The classic Stokes’
expansion has no singularity in this case. If one is interested in describing all bifurcations
from all linear solutions at the Bond numbers of this paper this branch of waves should also
be considered. If the Stokes wave at k=m is included then each bifurcation described above
has exactly one more branch of solutions.

2.3. Sheets

In this section, the asymptotics of sheets of bimodal traveling waves are developed. These
sheets of traveling waves are the union of branches of traveling waves at varying amplitude,
each of which has speed and Bond number which are expanded in amplitude. The ratio of the
leading modes, β1, is left free and dictates which branch is followed. This procedure builds
branches of traveling waves which are, by their form, assumed to be analytic in amplitude. As
parametric analyticity is a stronger restriction than the smoothness guaranteed by the theorems
in [24–26], it is possible that these asymptotics describe only a subset of those solutions. In
either case, we observe that the classic Wilton ripple branches, with constant Bond number,
lie within the sheets described below.

We begin by describing the triad ripple, (1:2) resonant configuration. The solution is expan-
ded as a parametrically analytic series in amplitude,

u= ϵ(cos(x)+β1 cos(2x))+O
(
ϵ2
)
=

∞∑
n=1

unϵ
n, c=

∞∑
n=0

cnϵ
n.

6
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The sheets of waves are also calculated with Lyapunov–Schmidt reduction, just like the
branches of classic Wilton ripples. At each order, the cn are used for one of the solvability
conditions. For the second condition solvability condition, the Bond number is expanded,

σ =
∑

σnϵ
n.

As the Bond number only enters the problem in L, this requires the operator be expanded,

L(σ) = L(σ0)+
∂L
∂σ

(σ0)ϵσ1 +O
(
ϵ2
)
. (7)

To calculate the operators in the expansion, e.g. ∂L
∂σ , the partial derivatives are taken of

the Fourier symbols. For example, in deep water Whitham, L̂(k,σ) =
√

1
|k| +σ|k|, so that

∂̂L
∂σ (k,σ0) =

1
2 (|k|

−1 +σ0|k|)1/2|k|. In the Kawahara and Akers–Milewski equations the oper-
ator expansion (7) is exact after one term; for Whitham, this expansion is infinite. It is natural
to question whether the operator’s expansion converges; this work is restricted to the formal
asymptotics. The O(ϵ2) problem is

(c0 −L)u2 +
(
c1 −σ1

∂L
∂σ

(σ0)

)
u1 +P

{
u21
}
= 0, (8)

whose solvability conditions require that(
1 − ∂̂L(1,σ0)

∂σ

β1 −β1
∂̂L(2,σ0)

∂σ

)(
c1
σ1

)
=−

(
β1

1/2

)
. (9)

The solution to the (9) gives the below corrections to the speed and Bond number,

σ1 =
β2
1 − 1/2

β1

(
∂̂L(1,σ0)

∂σ − ∂̂L(2,σ0)
∂σ

) , c1 =
β2
1
∂L̂(2,σ0)

∂σ − 1
2
∂L̂(1,σ0)

∂σ

β1

(
∂L̂(1,σ0)

∂σ − ∂L̂(2,σ0)
∂σ

) .
These corrections (and the rest of the series) formally exist, provided

β1 ̸= 0 and

(
∂L̂(1,σ0)

∂σ
− ∂L̂(2,σ0)

∂σ

)
̸= 0.

The condition on the linear operators is satisfied for the three named equations considered here
(Kawahara, Deep Water Whitham and Akers–Milewski). The matrix in (9) is populated with
the first variations of the problem with respect to c and σ evaluated at the two wavenumbers.
The invertibility of such a matrix is precisely what one would expect to need for the local
existence of solutions to this problem. An analogous matrix must be invertible in the impli-
cit function based proofs of existence of ripples, for example the matrix in equation (57) in
[26]. This invertibility is not something that can be guaranteed for all models, but must be
checked for each case. That this matrix is not invertible for β1 = 0 is responsible for the wedge
punctured from the disc of solutions guaranteed in [24–26].

The value of σ1 is nonzero except for β1 =±
√
1/2, the leading second harmonic coef-

ficient of Wilton ripples. When β1 =±
√
1/2, the speed correction reduces to c1 =∓

√
1/2

again recovering the Wilton ripple value. These asymptotics suggest two things. First, that the
classic, constant surface tension Wilton ripple is within the sheets whose existence is proven
in [24–26]. Second, the only values of β1 for which the a branch of waves embedded within
these sheets can have constant Bond number are the values required in the classic expansion.

7
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In both circumstances the asymptotics do not prove the existence of these waves, however
existence proofs already exist in the (1:2) resonant case both for the sheets [24–26] and for the
fixed Bond number [6, 7].

2.4. High frequency sheets

For m> 2 the asymptotics of the sheets differ from the m= 2 case, but all share a common
structure.

u= ϵ(cos(x)+β1 cos(mx))+ ϵ2 (u2,p+β2 cos(mx))+ ϵ3u3 + . . .

The O(ϵ2) equation for u2,p is still (8), but the solvability conditions now give σ1 = c1 = 0.
The solution to (8) is now

u2 = β2 cos(mx)−
1

2(c0 − cp (2))
cos(2x)− β2

1

2(c0 − cp (2m))
cos(2nx)− . . . (10)

β1

c0 − cp (m+ 1)
cos((m+ 1)x)− β1

c0 − cp (m− 1)
cos((m− 1)x) .

The O(ϵ3) equation is

(c0 −L)u3 =−
(
c2 −σ2

∂L
∂σ

(σ0)

)
u1 − 2P{u2u1} , (11)

which has solvability conditions,(
1 −∂L̂(1,σ0)

∂σ

β1 −β1
∂L̂(m,σ0)

∂σ

)(
c2
σ2

)

=

 1
2(c0−cp(2)) +

β1δm,3
2(c0−cp(2))

+
β1δm,3

c0−cp(m−1) +
β2
1

c0−cp(m−1) +
β2
1

c0−cp(m+1)
δm,3

2(c0−cp(2))
+ β1

c0−cp(m+1) +
β1

c0−cp(m−1) +
β3
1

2(c0−cp(2m))

 .

The solutions to this system are

σ2 =
1

β1

(
∂L̂(m,σ0)

∂σ − ∂L̂(1,σ0)
∂σ

) (β1 +
(
β2
1 − 1

)
δm,3

2(c0 − cp (2))
+

β3
1 −β1 +β2

1δm,3
c0 − cp (m− 1)

+
β3
1 −β1

c0 − cp (m+ 1)
− β3

1

2(c0 − cp (2m))

)
(12)

Notice hat σ2 = 0 when(
1

c0 − cp (m− 1)
+

1
c0 − cp (m+ 1)

− 1
2(c0 − cp (2m))

)
β3
1

+ δm,3

(
1

2(c0 − cp (2))
+

1
c0 − cp (m− 1)

)
β2
1

+

(
1

2(c0 − cp (2))
− 1
c0 − cp (m+ 1)

− 1
c0 − cp (m− 1)

)
β1

+ δm,3

(
1

2(c0 − cp (2))

)
= 0 (13)

8
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which is the same condition on β1 required for the existence of the high frequencyWilton ripple
branches in (5). When n> 3 equation (12) is undefined at β1 = 0; this is the manifestation of
the wedge for which the proofs in [24–26] do not guarantee the existence of waves. On the
other hand, the solvability conditions for n> 3 allow for σ2 = 0 and β1 = 0. In the numerical
section we observe the existence of fixed Bond number waves with β1 = 0 in these cases.

The asymptotics of the sheets of waves can be understood in the context of resonant inter-
action theory [36, 37]. Resonant interaction theory considers the time dynamics of a super-
position of small amplitude of near-sinusoidal waves via a system of equations for the wave
amplitudes [2, 38]. The amplitude equations are closed at a finite collection of modes when the
spatial and temporal frequencies of the waves satisfies a pair of resonance conditions. These
conditions are hierarchically labeled, by the order at which they appear in an asymptotic expan-
sion. Triad, or three-wave, resonances come before the four-wave resonant quartets; quartets
come before quintets and so forth. The amplitude equations can then be used to predict the
stability and dynamics of small amplitude solutions [39, 40]. The leading asymptotics of the
sheets of traveling waves follow a predictable pattern when viewed in the context of resonant
interaction theory, as these same resonances are responsible for the first non-zero corrections.

For them= 2 case, c1 and σ1 are the first nonzero corrections because the waves k1 = 1 and
k2 = 2 participate in a degenerate triad resonance,

k1 + k1 = k2, and ω1 +ω1 = ω2.

Form> 2, the corrections c2 and σ2 are the first nonzero corrections because the wave numbers
take part in a resonant quartet (but not a triad). Resonant quartets exist between every pair of
wavenumbers, k1 = 1 and k2 = m. These include a quartet interaction of k1 and k2,

k1 + k2 − k2 = k1, and ω1 +ω2 −ω2 = ω1,

as well as an interaction of k1 with itself,

k1 + k1 − k1 = k1, and ω1 +ω1 −ω1 = ω1,

and the interaction of k2 with itself,

k2 + k2 − k2 = k2, and ω2 +ω2 −ω2 = ω2.

The above quartets exist for every m. When m= 3 an additional quartet interaction exists,

k2 = k1 + k1 + k1 and ω1 +ω1 +ω1 = ω2.

This last interaction is responsible for the terms with δm,3 in (13). When m= 2 the triad inter-
action results in nonzero σ1; when m> 2 there are no triads but quartet interactions cause σ2

to be nonzero. For all higher frequencies,m⩾ 3 the leading order asymptotics are still dictated
by quartet interactions causing nonzero σ2. The first nonzero σj does not occur at later orders
as m increases, the first nonzero σj is σ2 for m> 2 for all but the special β1 for which Wilton
ripples exist. One could in principle calculate the Wilton ripple β1 values by computing sheets
of waves and then finding the values of β1 for which ∂σ

∂ϵ = 0.

9
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3. Numerical simulations

To complement, and verify, the asymptotics of the previous section, branches ofWilton ripples
and sheets of ripples are computed numerically. The numerical method is a quasi-Newton iter-
ation for the Fourier modes of the traveling wave, complemented by continuation in amplitude.
The numerical solution is represented

uM =

M/2∑
p=−M/2

ap exp(ipx)

Real, even solutions are sought with ap = a−p. The mean of u(x) is set to zero (nonzero mean
can be absorbed into the definition of c). The speed is also computed as part of the solution.
When computing branches of Wilton ripples with fixed σ, the Newton solver is seeking M/2
Fourier modes and the speed c. When computing sheets, the mth harmonic’s coefficient am
is specified (one less unknown), but the Bond number σ is then part of the solution, so the
total number of unknowns is the same in both cases. The total displacement h=max(u)−
min(u) is used as a continuation parameter. This numerical procedure uses the asymptotics
of the previous section only for initial guesses, so as to provide independent validation of the
asymptotic predictions.

Two distinct continuation procedures are conducted. First, branches of Wilton ripples are
computed, using the initial guess u= A(cos(x)+β1 cos(mx))with β1 initialized using the spe-
cial values from section 2.1. The amplitude of the first guess, A, is set at 10−5. These branches
have fixed σ, and classic Wilton ripples are computed continuing in speed and amplitude as
in [41]. This procedure results in two or three branches of waves depending on the type of
resonance involved, similar to the computations in [5, 12].

The second continuation procedure is used to compute sheets of waves. The same guess for
the wave is used, u= A(cos(x)+β cos(mx)), but now β = tan(θ) is varied over a sampling of
θ ∈ (π/2,π/2). The amplitude of the first guess, A, is set at 10−5. In these computations the
ratio of the wave’s mth to its first Fourier coefficient is specified, rather than solved for so the
ratio β is fixed.

When the Bond number is allowed to vary, as in the sheets of waves in 2.3, one need not
expand β as a function of ϵ; the solvability conditions are satisfied using speed and Bond
number corrections. These waves exist when β = β1. In the notation of the previous sections,
the numerical computations of sheets take β =

∑∞
j=1βjϵ

j−1 = β1. The Bond number, σ, is
initialized by the value for which the linear problem has two-dimensional kernel. The ratio
of the two harmonics β, is fixed and dictates the direction within the sheet along which a
branch of waves is computed. Each branch is computed by continuation in speed, amplitude
and Bond number with fixed β. A sheet is constructed as a union of branches for each sampled
β. Examples of sheets constructed with this method are in figures 5–7. The waves computed
here are very small amplitude with rapidly decaying Fourier series; Nx = 32 is observed to be
more than sufficient to resolve the waves to machine precision.

The numerical computations of sheets of waves were used to estimate the first correc-
tions to the Bond number within the sheet. For m= 2, the asymptotic prediction is that σ1

is nonzero. The first derivative of σ with respect to ϵ was numerically computed via finite dif-
ference between the first two waves on a branch (with ϵ≈ 10−5). The numerical estimates are
compared to the asymptotic prediction for three example model equations in figure 3. In all
three models the two computations of σ1 match to the precision of graph. Also marked in this
figure are the values of β1 for which σ1 vanishes, the classic Wilton ripple ratios.
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Figure 3. The asymptotic calculation of σ1(β1) for triad ripples, m= 2, (solid line)
compared to numerical calculations of the same by a finite difference calculation along
a branch (markers). These curves agree to the precision of this graphic. The numer-
ical approximations are marked with blue circles for the gravity–capillary deep water
Whitham equation, pink triangles for the Akers–Milewski equation, and red stars for the
Kawahara equation. The Wilton ripples value β1 =±

√
1/2 are the roots of σ1 for all

three models (marked with black solid stars).

Figure 4. The asymptotic calculation of σ2(β1) for quartet ripples, n= 3, (solid line)
compared to numerical calculations of the same by a finite difference calculation along
a branch (markers). These curves agree to the precision of these graphics. The numerical
approximations are marked with blue circles for the deep water Whitham equation, pink
triangles for the Akers–Milewski equation, and red stars for the Kawahara equation. The
Wilton ripples values of β1 are the roots of σ2 for all three models (marked with black
solid stars).

When m= 3 the leading correction to the Bond number is σ2. The numerical computations
of sheets of waves were also used to computed estimates to σ2, with a centered difference
estimate of the second derivative of σ with respect to ϵ. This calculation used the first three
waves on branch (with ϵ≈ 10−5). This numerical estimate of σ2 is compared to the asymptotic
predictions of the same in figure 4. The two estimates match to the precision of the graph for
three example model equations. Also marked in this figure are the three values of β1 for which
σ2 vanishes.

In figures 5–7 the sheets of bifurcated waves are visualized in the three dimensional amp-
litude, Bond number and mode ratio (ϵ,σ,β) space. Each figure depicts a different class of
bifurcation. The colored sheets were computed using quasi-Newton iteration and continuation
which fixed β with σ an unknown. When classic, fixed Bond number, Wilton ripples exist,
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Figure 5. The two surfaces of triad, (1:2) resonant, travelingwaves which bifurcate from
σ = 1/2, ϵ= 0 in the deep water gravity–capillary Whitham equation are depicted. The
surfaces use β = tan(θ) for θ ∈ (−π/2+ 0.02,0.02) and θ ∈ (0.02,π/2− 0.02). There
is a gap in the surfaces corresponding to β= 0, waves with no second harmonic. The
classic triad Wilton ripple, β1 =±

√
1/2 has σ ≡ 1/2; these branches are marked with

a solid black line.

Figure 6. The two surfaces of quartet, (1:3) resonant, traveling waves which bifurcate
from σ = 1/3, ϵ= 0 in the deep water gravity–capillaryWhitham equation are depicted.
The surfaces were initialized using β = tan(θ) for θ ∈ (−π/2+ 0.02,0.02) and θ ∈
(0.02,π/2− 0.02). There is a gap in the surfaces corresponding to θ= 0, waves with
no third harmonic. The quartet, n= 3, Wilton ripple branches are marked with a solid
black line and have σ ≡ 1/3.

these were computed using a quasi-Newton iteration and continuation with σ fixed and β
unknown. These waves are marked with solid black lines.

Figure 5 depicts a triad (1:2) resonant bifurcation. At zero amplitude in this figure, the waves
all have σ= 0.5. The mode ratio, β, varies through all values save β= 0. At small amplitude
the sheet is a horizontal line with a gap at β= 0. For larger amplitude, the sheet departs σ= 0.5
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Figure 7. A sheet of quintet, (1:4) resonant, traveling waves which bifurcate from
σ = 1/4, ϵ= 0 in the deep water gravity–capillary Whitham equation are depicted. The
surface was initialized using β = tan(θ) for θ ∈ (−π/2+ 0.02,π/2− 0.02). There is a
single branch of waves with constant Bond number, σ, with β1 = 0.

at all values of β except two β =±
√
1/2. Branches of classic Wilton ripples computed with

fixed σ are marked with solid black lines.
Figure 6 depicts a quartet (1:3) resonant bifurcation. At zero amplitude in this figure, the

waves all have σ = 1/3. The mode ratio, β, varies through all values save β= 0. At small
amplitude the sheet is a horizontal line with a gap at β= 0. For larger amplitude, the sheet
departs σ = 1/3 except three special values of β. Branches of classic Wilton ripples computed
with fixed σ are marked with solid black lines, and correspond to these three special values.

Figure 7 depicts a quintet (1:4) resonant bifurcation. At zero amplitude in this figure, the
waves all have σ= 0.25. The mode ratio, β, varies through all values including β= 0. At small
amplitude the sheet is a horizontal line with no gap. Notice that in the asymptotic prediction
of (12) the value β= 0 yields an indeterminate value for σ2 for m>3. The numerical com-
putations here show that this value does not create a gap in the sheet, but rather then sheet
is continuously connected through the value β= 0. For larger amplitude, the sheet departs
σ= 0.25 at all values of β except β= 0, for which a fixed Bond number expansion predicts a
wave with no fourth harmonic. In this configuration, (6) predicts that no classic Wilton ripples
exist with nonzero β1. The numeric computations of the sheets confirms this prediction, no
waves in the sheet have fixed Bond number except β= 0.

The case β= 0 for m>3 is of special interest because the theorems in [24–26] do not
guarantee the existence of waves for β= 0. The numerical computations of this paper calcu-
late continuous sheets of waves, see figures 7 and 8, with no gap at β1 = 0. Examples of the
dependence of σ2 when m>3 is depicted in figure 9. Notice that this correction vanishes at
β1 = 0, and is a continuous function of β1. This suggests that the gap in the proofs in [24–26]
at β= 0 then m>3 is not an absence of solutions, but instead a configuration that the proof
technique cannot handle.
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Figure 8. A sheet of sextet, (1:5) resonant, traveling waves which bifurcate from σ =
1/5, ϵ= 0 in the deep water gravity–capillary Whitham equation are depicted. The sur-
face was initialized using β = tan(θ) for θ ∈ (−π/2+ 0.02,π/2− 0.02). There is a
single branch of waves with constant Bond number, σ, which occurs when β1 = 0.

Figure 9. Left: the asymptotic calculation of σ2(β1) for quintet resonant waves, n= 4,
(solid line) compared to numerical calculations of the same by a finite difference calcu-
lation along a branch (triangles). Right: the asymptotic calculation of σ2(β1) for sextet
resonant waves, n= 5, (solid line) compared to numerical calculations of the same by
a finite difference calculation along a branch (triangles). Both computations are in the
deep water gravity–capillary Whitham equation. These curves agree to the precision of
this graphic.

4. Conclusion

Two different presentations of bifurcations of (1:m) harmonic resonant bimodal traveling
waves are developed. Classic Wilton ripples, with fixed Bond number, are included in both
presentations. The leading order asymptotics of the bifurcation is presented with fixed Bond
number, in which case only particular ratios of the two modes are permitted. The leading
asymptotics are also presented when the Bond number is expanded, in which case all ratios
of the two modes are permitted save one. In the latter expansion, the mode ratio is essentially
a free parameter, thus this bifurcation yields sheets of traveling waves, rather than discrete
branches. The asymptotics of the sheets of waves have Bond numbers which do not vary with
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amplitude at the crucial ratios suggesting that the classic Wilton ripples are embedded within
the sheets. Numerical simulations designed to follow both asymptotic approaches support this
conclusion. When the waves are in (1:m) resonance with m>3, the sheets are observed to be
continuous, which the proofs in [24–26] do not guarantee.

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).
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